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Abstract

We characterize the equilibrium for a small economy in a dynamic Heckscher-
Ohlin model with uncertainty. We show that when trade is balanced period-
by-period, the per capita output and consumption of a small open economy
converge to an invariant distribution that is independent of the initial wealth.
Further, at the invariant distribution, with probability one there are some pe-
riods in which the small economy diversifies. These results are in sharp con-
trast with those of deterministic dynamic Heckscher-Ohlinmodels, in which
permanent specialization and non-convergence occur. One key feature of our
model is the presence of market incompleteness as a result ofthe period-by-
period trade balance. The importance of market incompleteness, and not just
uncertainty, in achieving our results is illustrated through an analytical ex-
ample. Further, numerical simulations show that the speed of convergence is
increasing in the size of the shocks. Thus, our results extend the predictions
of income convergence, standard in one sector neoclassicalgrowth models,
to the dynamic multi-country Heckscher-Ohlin environment.
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1 Introduction

Will income levels in two countries, which start from different conditions, con-

verge? Traditionally, deterministic closed economy neoclassical growth models

were used to answer this question. These models predict that, as long as coun-

tries have the same preferences, the same technologies and the same population

dynamics, they will converge to the same level of per-capitaincome from any

(positive) initial wealth. So, initial conditions do not matter for the long-run in-

come levels. Brock and Mirman (1972) extended this result tostochastic environ-

ment by showing that countries will converge to the same invariant distribution

of income irrespective of their positive initial wealth. However, more recently

Chen (1992), Ventura (1997), Atkeson and Kehoe (2000) have shown that in de-

terministic dynamic Heckscher-Ohlin models — that is models with two or more

tradeable commodities which are produced using neoclassical production func-

tions differing in capital intensities — convergence may not occur. This is despite

all countries being identical (except for initial conditions), and all the produc-

tion functions being strictly concave. Although the modelsvary in details, all of

them rely on trade-induced factor-price-equalization which leads to existence of

multiple steady states. Initial conditions determine to which steady state a partic-

ular economy will converge. This result has led to a surge of interest in dynamic

Heckscher-Ohlin models, with the view that such models can potentially account

for the observed income differences across countries without resorting to non-

convexities or structural differences between countries.

It is natural to wonder if the results from a deterministic model will carry

over to an uncertain world. We introduce technological uncertainty in a dynamic

Heckscher-Ohlin model and, just as in the one sector neoclassical growth model,
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we obtain income convergence across countries. We show thatwhen trade is

balanced period-by-period, a standard assumption in deterministic Heckscher-

Ohlin models, the per capita output and consumption of a small open economy

converge to an invariant distribution that is independent of the initial wealth. Fur-

thermore, another prediction of the deterministic model: that countries may per-

manently specialize, i.e., may never produce all tradeablecommodities, is over-

turned by the introduction of uncertainty. We find that in an uncertain environ-

ment, when income of an economy is within the invariant distribution, there will

surely be some periods in which the small economy diversifies. It is important to

state that in our modeling strategy we are following Atkesonand Kehoe (2000)

in concentrating on the dynamics of a small open economy thathas no effect on

world prices of tradable goods2

Why are the results so different in the stochastic version ofthe Heckscher-

Ohlin model from those in the deterministic version? To understand that first

consider the deterministic version. In such models when countries diversify (i.e.,

when their aggregate capital-labor ratios are within the diversification cone and

they produce all tradeable goods), factor price equalization means that the coun-

tries face the same rate of return to capital. Thus, when preferences are identical

across countries, there is no incentive for agents in one country to accumulate

capital if there is no incentive for agents in the other country to do so. This

2In our model there are two tradeable intermediate sectors. The production function of one

intermediate good is more capital intensive than another. The intermediate goods combine to

produce the final good which can be consumed or invested. Alternative, one can model the econ-

omy with two goods, consumption and investment, with investment good produced using a more

capital-intensive technology than the consumption good. Our results will hold in the alternative

model also.
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implies that if one country is in a steady state, so is the other. In particular, if

the world economy is in steady state, all capital-labor ratios within the diversi-

fication cone can be sustained as steady states. Consequently, any country that

starts with a capital-labor ratio within the diversification cone will remain at that

level of capital forever. Countries that start outside the diversification cone, with

a low capital-labor ratio, will grow till they reach the lower boundary of the di-

versification cone. Such countries will never enter the diversification cone and

will permanently specialize in production of less-capital-intensive tradable goods.

Therefore, in this case, the initial conditions determine the fate of the country in

the long run.

In the presence of country specific uncertainty and market incompleteness

(arising from period-by-period trade balance condition),however, the initial con-

ditions are eventually irrelevant. In an uncertain world, two small economies

starting from different initial conditions will find themselves in a similar situa-

tion in the future, in which they will surely diversify theirproduction in at least

some periods. Uncertainty by itself is, however, not enoughfor convergence. The

period-by-period trade balance creates market incompleteness, and that is crucial

for the convergence result. In the deterministic model, when all countries have

capital-labor ratios within the diversification cone, the rental rates are equated

across them and so, there is no incentive to borrow and lend internationally. Thus,

the absence of borrowing and lending as a result of the balanced trade in each

period is irrelevant. If, however, different countries face different shocks, then

rate of return to capital is not the same across countries in each period. Then

there can be mutual gains through risk sharing if countries could borrow and lend

from each other. Period-by-period trade balance prevents that, forcing countries
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to self-insure only through accumulation and de-accumulation of capital.3 As a

result in economies with productivity shocks different from those faced by the

world, the policy functions shifts relative to those in economies without uncer-

tainty. This implies that the capital-accumulation policyfunction in an economy

with uncertainty no longer coincides with the 45 degree line, as it does in de-

terministic Heckscher-Ohlin models, and we no longer get multiplicity of steady

states.

The importance of differences in productivity shocks relative to the world in

conjunction with balanced trade condition is illustrated through an analytical ex-

ample. In this example we assume that a small economy and the rest of the world

economy both face the same realization of shocks each period. In this case, there

is no income convergence and the small economy permanently specializes if it

starts from outside the diversification cone. Thus, in this example, despite uncer-

tainty, results are very similar to what we observe in deterministic models.

We also simulate our model to understand how the speed of convergence de-

pends on the size of the shocks that the economy faces. We find that the bigger the

shocks are, the faster is the convergence. In the limit, whenuncertainty vanishes

the convergence disappears. This suggests that, if uncertainty is small, initial con-

ditions play an important role in the development of a country: it takes a long time

for initially poor countries to catch up with richer countries. For higher levels of

uncertainty, however, initial conditions will quickly cease to have an effect on per-

capita income levels across countries. The simulation alsolets us see the actual

3One point to note here is that if, instead of setting borrowing and lending to zero, we allowed

for limited borrowing our results would remain unchanged aslong as the limit on borrowing was

sufficiently low.
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shape of investment policy functions and the location of thesupport of invariant

distribution of capital vis-a-vis the diversification cone.

Our paper encompasses various strands of the literature. First, it generalizes

the dynamic Heckscher-Ohlin model in an important way by introducing uncer-

tainty. It shows that deterministic dynamic Heckscher-Ohlin models studied by

Chen (1992), Ventura (1997), Atkeson and Kehoe (2000) are very special lim-

iting cases of the stochastic environment. On the other handthis paper also

extends to the open economy setting the convergence resultsof a closed econ-

omy stochastic growth model studied by many researchers starting from Brock

and Mirman (1972). Our paper also relates to the long literature on income

fluctuations problem which studies savings decisions underuncertainty and mar-

ket incompleteness. Clarida (1987), Aiyagari (1994) and Chamberlain and Wil-

son (2000) are just a few examples that fall into this category.

The paper is organized as follows. In the next section we describe our model’s

environment. In section 3, we give the equilibrium results for this model, includ-

ing those on convergence and diversification. In section 4 wesimulate this model

and discuss the speed of convergence. In section 5 we providean analytical ex-

ample of non-convergence when both the world and the small economy face the

same uncertainty. Finally we conclude in section 6. All the proofs are collected

in the appendix.

2 The Environment

The economic environment consists of two economies, asmall economyand the

rest of the world economy. Population is fixed in both the countries. We assume
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that the population size in the small country is of measure zero relative to the rest

of the world. Motivated by this assumption, and for brevity,we refer to the rest of

the world economy as simply theworld economy.

The two economies are assumed to have identical preferencesand technolo-

gies, except for stochastic productivity factors. In each economy there are two

intermediate goods,a andm, and one final good,Y . The intermediate goods are

produced using capital and labor in each intermediate good sector. Technology for

producing gooda is less capital intensive than the technology producingm. The

intermediate goods are traded between the economies. The final good is produced

by combining the two intermediate goods. It can be either invested or consumed

domestically but cannot be traded across economies. Capital and labor are also

immobile across borders.

2.1 Preferences

The agents in both the economies are assumed to have identical preferences. Rep-

resentative agents in each economy supply labor inelastically and derive utility

from consumption.

Assumption 1

The utility function,u : R+ → R+ has the following properties:

1. u is continuous onR+, bounded below, and (without loss of generality)

u(0) = 0.

2. u is twice continuously differentiable and strictly concave, i.e.,u′(c) > 0,

u′′(c) < 0 ∀ c ∈ R++

3. limc→0 u′(c) = ∞.
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2.2 Production

Each economy has access to three technologies: two intermediate good technolo-

giesa andm, and one final good technologyY . All the production function are as-

sumed to be standard neoclassical production functions: homogeneous of degree

one in all inputs, twice continuously differentiable with positive and diminishing

marginal products of each input.

Final good is produced by combining intermediate goodsa andm:

Y = H(a, m), (2.1)

H(a, m) satisfies the following assumptions:4

Assumption 2

H(a, m) exhibits constant returns to scale, and for alla ≥ 0 andm ≥ 0,

1. H(0, m) = H(a, 0) = 0

2. H1(a, m) > 0, H2(a, m) > 0, H11(a, m) < 0 andH22(a, m) < 0

There are two distinct production functions, which combinecapital and labor

to produce intermediate goods. The technology for producing intermediate good

a is given by,

a = λF (Ka, La) (2.2)

4Here we useH1 to represent the partial derivative of H with respect to its first argument. We

do so for all other first and second derivatives.
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whereλ is the productivity factor and is potentially stochastic.Ka andLa are

capital and labor employed in sectora.

The technology for producing intermediate goodm is given by,

m = θG(Km, Lm) (2.3)

whereθ is the productivity factor and is also potentially stochastic. Similarly,

Km andLm are capital and labor employed in sectorm.

Assumptions on both production functionsF andG are similar to that on H –

they are constant returns to scale, and their marginal products of capital and labor

are positive and strictly diminishing. In addition the intermediate technologies

satisfy the following boundary conditions.

Assumption 3

Boundary conditions for intermediate technologies:

1. For allL > 0, limK→0 F1(K, L) = limK→0 G1(K, L) = ∞

2. For allL > 0, limK→∞ F1(K, L) = limK→∞ G1(K, L) = 0.

We also assume, as standard in Heckscher-Ohlin models, thatthe goodm

technology is more capital intensive than the gooda technology for all relevant

factor price ratios (i.e., there are no factor intensity reversals). More formally, we

have the following assumption,

Assumption 4

For allK > 0 andL > 0 F2(K,L)
F1(K,L)

>
G2(K,L)
G1(K,L)

.
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2.3 International Trade

The final good, capital and labor are not tradable across the countries. The only

commodities that can be traded between the economies are thetwo intermediate

goods. Thus, the quantities of intermediate goods utilizedin a small economy for

the production of final goods can be different from the quantities produced in the

small economy. We assume, as is standard in deterministic dynamic Heckscher-

Ohlin models, that trade is balanced in each period for each economy.

Assumption 5

In all periodst, and for both countries(i = s, w)

pat(a
i,d
t − ai

t) + pmt(m
i,d
t − mi

t) = 0, (2.4)

where the variables with superscriptd are quantities demanded in the country

i, the variables without superscriptd are quantities produced in the countryi, and

pat, pmt are the world prices of intermediate goods. This assumptionhas no im-

plication on the equilibrium outcomes in deterministic Heckscher-Ohlin models

when both the economies produce both intermediate goods. Inthat case balanced

trade is an equilibrium outcome. With country specific productivity shocks, how-

ever, the period-by-period balanced trade constraint is binding and precludes risk

sharing opportunities through borrowing and lending. As wewill see later, this

constraint plays an important role in determining the equilibrium outcomes. The

absence of borrowing or lending due to balanced trade constraint is also be re-

flected in the budget constraint of a representative household (equation (3.1)).
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2.4 Uncertainty

In this paper, except in section 5, we assume that the world economy faces no

uncertainty. Further, productivity factors in the intermediate technologies used in

the world economyλw
t andθw

t are both normalized to be equal to one for allt.

The small economy, however, faces uncertainty —λs
t andθs

t are stochastic. The

following are the assumptions about the distribution ofλs
t andθs

t :

Assumption 6

1. Bothλs
t andθs

t are i.i.d. drawn from their respective time invariant distribu-

tions.

2. The support ofλs
t is Λ = [λ, λ], where0 < λ ≤ λ < ∞, while the support

of θi
t is Θ = [θ, θ], where0 < θ ≤ θ < ∞.

3. E[λ] = 1 andE[θ] = 1.

The last part of the assumption above ensures that the expected productivity of

each sector in the small economy is equal to productivity of the world economy’s

sectors.

Notice that this setup includes the special case where both the intermediate

sectors are subject to the same productivity shocks, i.e.,λt = θt ∀t. It can be

easily shown that this case is also equivalent to the environment in which only

the final good technology faces productivity shock (no shockto the intermediate

technologies).

Let η be probability measure for the joint distribution ofz = (λ, θ), defined

on the Borel subsets ofZ = Λ×Θ. The assumption thatΛ andΘ are full supports

imply thatη(A) > 0 for any non-degenerate rectangle inZ = Λ × Θ space.
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At this point it is useful to state the timing of various events and decision pro-

cesses in the economy. At the beginning of every period the uncertainty about

current productivity levels is resolved. The consumers, final good producers, in-

termediate goods producers all take their decisions after that. The consumers

choose how much to consume and save. The savings decision determines the next

period’s capital. The intermediate goods producers decides how to allocate the

capital and labor available in the economy between the two sectors. Thus note

that here the aggregate capital in the economy is decided before the uncertainty

for the period is resolved (it is decided a period earlier), but the allocation of capi-

tal and labor across sectors takes place after the uncertainty is resolved. Also, the

final good producers decide the amount of each intermediate goods to demand,

which in turn determines the quantity of exports and importsof each intermediate

good. With this timing, the subscriptt on a variable signifies that the variable

is measurable with respect to the information available up to periodt, including

periodt productivity shocks in both sectors.

3 Equilibrium in the World and the Small Economy

In this section we characterize the equilibrium of the worldand the small econ-

omy. We begin with the world economy.

3.1 Equilibrium in the world economy

Our assumption that the small economy’s population is of zero measure compared

to the population of the world economy implies that the worldeconomy behaves

as a closed economy and the prices of the intermediate goods are determined by
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the world economy’s equilibrium alone.

In the absence of uncertainty the world economy will converge to a unique

steady state. In the steady state the prices of the intermediate goodspa andpm and

the interest rate in the world economy will be constant across time.

In our analysis of the equilibrium for the small economy we will assume that

the world is in the steady state. The world economy’s equilibrium determines

the intermediate good prices,pa andpm, prevailing universally in both the world

and the small economy. So, in our analysis of the small economy, the prices of

intermediate goods are given and constant across time. Also, since we are concen-

trating on the equilibrium of the small economy only, we willdrop the superscript

i from all variables. We will distinguish world variables with superscriptw when-

ever necessary.

3.2 Decision Problems in the Small Economy

In the small economy the representative household maximizes her lifetime ex-

pected utility subject to the period budget constraint and taking prices of labor,

wt, and capital,rt, as given. Thus the representative household’s decision prob-

lem is to choose the consumptionct, investmentxt and capitalkt to solve:

max
{ct,xt,kt}∞t=1

E1[
∞

∑

t=1

βt−1u(ct)]

s.t. ct + xt ≤ wt + rtkt−1 (3.1)

kt = (1 − δ)kt−1 + xt (3.2)

given initial level of per-capita capitalk−1.
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Notice that markets are incomplete, there are no contingentassets available to

the households to insure themselves against risk. Moreover, the budget constraints

above do not allow for borrowing or lending. Capital accumulation is the only

available instrument to transfer resources across periodsand states of nature. The

lack of borrowing or lending is a reflection of the period-by-period balanced trade

constraint described earlier.

The above maximization problem results in the following dynamic optimality

conditions:

u′(ct) = βEt [u
′(ct+1)(1 − δ + rt+1)] (3.3)

ct + kt = wt + rtkt−1 + (1 − δ)kt−1 (3.4)

These are the equations which determine the dynamics of per-capita capital and

per-capita wealth in this model.

On the production side, there are two kinds of firms in the economy, final good

firms and intermediate goods firms. We assume each firm operates in a perfectly

competitive environment. The representative final good firmtakes the prices of

the intermediate goods as given and solves the following problem:

min
{ad

t ,md
t }

paa
d
t + pmmd

t

s.t. Yt ≤ H(ad
t , m

d
t ) (3.5)

As mentioned earlier, variables with superscriptd are the quantities demanded in

the economy, while variables without the superscripts are the quantities produced

in the economy. The first order conditions for the final good firm are,
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pa = H1(a
d
t , m

d
t ) (3.6)

pm = H2(a
d
t , m

d
t ) (3.7)

Given world prices of intermediate goods, these equations determine the rela-

tive quantities of intermediate goods demanded in the smalleconomy.

The representative intermediate goods firm in each economy chooses how to

allocate the total capital and labor available in that economy across the two sectors.

It takes world prices of intermediate goods and domestic factor prices as given and

solves,

min
{Kat,Lat,Kmt,Lmt}

rt(Kat + Kmt) + wt(Lat + Lmt)

s.t. paat + pmmt ≤ paλtF (Kat, Lat) + pmθtG(Kmt, Lmt). (3.8)

Let us define the intensive form of the intermediate production functions as :

f(k) = F (
K

L
, 1) (3.9)

g(k) = G(
K

L
, 1). (3.10)

The following equations give the first order conditions in terms of the intensive

production functions,

paλtf
′(kat) ≤ rt (3.11)

paλt [f(kat) − f ′(kat)kat] ≤ wt (3.12)

pmθtg
′(kmt) ≤ rt (3.13)

pmθt

[

g(kmt) − g′(kmt)k
i
mt

]

≤ wt. (3.14)
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Inequalities (3.11) and (3.12) hold with equality wheneversectora is oper-

ated with positive inputs, while inequalities (3.13) and (3.14) hold with equality

whenever sectorm is operated with positive inputs.

Thus it is the intermediate firms which decide whether or not to produce both

intermediate goods in positive quantities, or in other words, whether or not the

country will diversify. Their first order conditions can be used to define the bound-

aries of the “cone of diversification”kb
at andkb

mt. Whenever the aggregate capital-

labor ratio of a small economy belongs to the interior of thiscone,kt ∈ (kb
at, k

b
mt),

it is profitable to produce both the intermediate goods in thesmall economy. The

boundarieskb
at andkb

mt are defined as a solution to the following equations

paλtf
′(kb

at) = pmθtg
′(kb

mt) (3.15)

paλt

[

f(kb
at) − f ′(kb

at)k
b
at

]

= pmθt

[

g(kb
mt) − g′(kb

mt)k
b
mt

]

(3.16)

The above two equations are the optimality conditions whichequate marginal

products of capital and labor in two intermediate sectors. They must be satisfied

whenever both intermediate sectors are operated, i.e., when economy’s aggregate

capital-labor ratio is within the cone of diversification. In this case, the optimal

capital-labor ratios in intermediate sectorsa and m are kat = kb
at and kmt =

kb
mt respectively. This allows us to dispense with the superscript b, with kat and

kmt signifying both the boundaries of the cone of diversification and the optimal

capital-labor ratios in the two sectors of economies withinthe cone. Observe that

the boundaries,kat andkmt are stochastic, they are functions ofλt andθt.

A crucial point is thatkat andkmt are independent of the domestic capital-

labor ratiokt−1. As long as the aggregate capital-labor ratios of two (or more)

economies, that face same realizations of both productivity shocksλt andθt, fall
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within the cone of diversification, the economies will have the same capital-labor

ratios in both sectors. Further, these economies will have the same factor prices,

as is evident from the following equations (3.11) and (3.12), which holds with

equality within the cone of diversification.

This is the essence of factor price equalization effect of international trade in

goods. It plays a crucial role in creating multiple steady states and non-convergence

in the environment without uncertainty, the focus of the next section. The alloca-

tion of capital and labor between two intermediate sectors,however, does depend

on the domestic capital-labor ratio.

Finally, in any equilibrium the following market clearing conditions must be

satisfied:

at = λtF (Kat, Lat) (3.17)

mt = θtG(Kmt, Lmt) (3.18)

Ct + Xt = H(ad
t , m

d
t ) (3.19)

Ct = ctL (3.20)

Xt = xtL (3.21)

Kat + Kmt = Kt−1 (3.22)

Lat + Lmt = L (3.23)

The market clearing conditions are standard. Observe that in the market clear-

ing condition for capital, equation (3.22), aggregate capital is determined a period

earlier than when it is allocated between the two intermediate sectors for produc-

tion, a consequence of the timing assumptions mentioned before.
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3.3 Equilibrium in the Small Economy without Uncertainty

Before we proceed to talk about convergence in a stochastic environment, let us

first understand why there are multiple steady state equilibria, non-convergence

and specialization in the economies without uncertainty. Suppose a small econ-

omy faces no uncertainty and hasλt = 1(= λw
t ), andθt = 1(= θw

t ) for all t and

in all states of nature.

Sinceλt andθt are fixed, the boundaries of the diversification cone,kat and

kmt, are constant over time. Further, since the technology is identical across the

world and the small economies, the boundaries of the diversification cone in the

two economies coincide:ka = kw
a andkm = kw

m.

There are two possible scenarios for the small economy, it may start with a

capital-labor ratio within the diversification cone, or it may start with a capital-

labor ratio outside the diversification cone. First supposethe initial capital in the

small economy,k0, is within the diversification cone, i.e.,k0 ∈ [ka, km]. Then,

sinceka = kw
a , we have

rt = patf
′(kat) = rw

t . (3.24)

Similarly,wt = ww
t .

Thus, there is factor price equalization across the economies. The fact that

interest rates are equal across countries mean that there isno incentive for cross-

economy borrowing and lending, and trade is balanced period-by-period in the

equilibrium. Further, identical rates of return in both economies mean that the in-

centives to accumulate capital is the same in both economies, and since the world

economy is in the steady state, the small economy will also bein the steady state

at the initial capital-labor ratio. Thus, any capital-labor ratio within the diversifi-

cation cone can be sustained as a steady state.
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Now consider the case where the small economy starts at a capital-labor ratio

that is outside the diversification cone. In particular, suppose that the economy

starts with a very low capital-labor ratio,k0 < ka. In this case, as long askt−1 <

ka, it is optimal to produce only the less capital intensive good and we will have

rt = paf
′(kt−1) > rw

t = paf
′(ka).

The interest rate in the small economy will be larger than theworld interest

rate and the small economy will accumulate capital till it reaches (asymptotically)

the lower boundary of the diversification cone, i.e., till the point wherekt−1 = ka.

Once it reaches the boundary, once again there is factor price equalization and the

economy will stop accumulating capital any further. Hence,the small economy

will be at a steady state at the lower boundary of the diversification cone and will

produce only the less capital intensive good. Thus, the country that starts with a

very low level of capital will permanently specialize in producing gooda.

In the case where the economy starts atk0 > km, the economy will de-

accumulate capital till it reaches the upper boundary of thediversification cone

and it will remain there forever producing only goodm.

Hence economies starting at any capital-labor ratio withinthe diversification

cone will remain at that capital-labor ratio and those starting from outside the

diversification cone will reach steady state at the boundaries of the diversification

cone. This implies that there will be no convergence in per-capita capital stock or

income levels if various economies start with different initial capital-labor ratios.

Notice, one crucial difference between a one-sector closedeconomy and an

open economy with two tradeable sectors is that while in the former the interest

rate is a function of the aggregate capital in the economy, inthe open economy,

within the diversification cone, it is independent of the aggregate capital. As a
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result, even though there is a unique capital-labor ratio for a given interest rate in

a closed economy, in the case of an open economy, several aggregate capital-labor

ratios are sustainable for a given interest rate — all that differs is the share of the

two intermediate goods. This is crucial in delivering multiple steady states in a

deterministic dynamic Heckscher-Ohlin model.

3.4 Equilibrium in a stochastic small economy

We now turn our attention to the case when the small economy faces uncertainty,

i.e., whenλt andθt are stochastic.

We assume that for all values ofz = (λ, θ), the corresponding capital-labor

ratioska(
paλ

pmθ
) andkm( paλ

pmθ
) are strictly positive and finite. This assumption is not

crucial for our results, but ensures that at very low values of aggregate capital-

labor ratiok the small economy will produce only gooda, while at very large

values of capital, the small economy will produce only goodm.

Notice that sincepa and pm are constants andλt and θt are i.i.d. and the

variablespaλt, sopmθt are also i.i.d. Define the per capita income of the small

economy asyt = wt+rtkt−1 +(1−δ)kt−1. It is a function of the small economy’s

capital-labor ratiokt−1 and productivity shocksz = (λ, θ): yt = y(kt−1, zt). Now

the representative household’s problem can be restated as:

maxct,kt
E

∑∞
t=1 βt−1u(ct) (3.25)

s.t. ct + kt ≤ y(kt−1, zt)

y(k0, z1) is given,

where the expectation is defined over the Borel sigma-algebra of partial shock

19



historieszt = (z0, z1, ...zt) ∈ Zt. This set up of the household’s problem makes it

clear that from the household’s perspective the problem is essentially the same as

that faced by an agent in an one-sector stochastic growth model with i.i.d. shocks.

Given this setup, the optimal consumption and investment policy functions in any

periodt will be functions of current incomeyt only. For our main result on con-

vergence we need to establish the continuity and monotonicity properties of our

policy functions. To do that we first need to understand the continuity and mono-

tonicity properties of the income function, which is achieved in the next lemma.

Lemma 1. Properties of the income function of the small economy,y. 5

• y is continuous ink, λ, andθ. It is strictly increasing ink, nondecreasing

in λ andθ, and strictly increasing in eitherλ, or θ, or both.

• For everyz ∈ Z the functiony(·, z) : R+ → R+ is concave, and continu-

ously differentiable. For everyk > 0 the derivative∂y(k,·)
∂k

is continuous in

λ, andθ.

• There exists the maximum sustainable level of capitalk̄ such thaty(k, z) <

k̄ for all k > k̄ and for allz ∈ Z.

Let X =
[

0, k̄
]

. Define the value functionv(k0, z) as the maximum lifetime

expected utility attained in the program (3.25). It is a standard result that the value

function is unique, bounded, strictly concave, continuously differentiable ink (for

5The income function is a smooth envelope of the two intermediate production functions. So

it is easy to show that it satisfies all the properties listed in this Lemma. The proof is included in

an earlier version of the paper, available from the authors on request.
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k > 0) and solves the following Bellman equation,

v(k, z) = max
k′∈[0,y(k,z)]

[

u(y(k, z) − k′) + β

∫

v(k′, z′)η(dz′)

]

(3.26)

Further, for eachz ∈ Z, v(·, z) : X → R+ is strictly increasing andv(0, z) =

0.

The investment policy functionh(k, z) is defined so that

v(k, z) = u(y(k, z) − h(k, z)) + β

∫

v(h(k, z), z′)η(dz′) (3.27)

In the following proposition we establish existence, continuity and monotonicity

properties of both, the investment policy functionh(k, z) and the consumption

policy functionc(k, z).

Proposition 1. Existence, continuity and monotonicity of the policy functions.

• There exist unique consumption and investment policy functions,ct = c(kt−1, zt)

andkt = h(kt−1, zt). They both are continuous with respect tokt, λt, andθt

and measurable with respect to the Borel subsets ofZ = Λ × Θ.

• Functionsc(kt−1, (λt, θt)) and h(kt−1, (λt, θt)) are strictly increasing in

kt−1, nondecreasing inλt and θt, and strictly increasing in eitherλt, or

θt, or both. Also,c(0, z) = 0 andh(0, z) = 0 for all values ofz.

Proof: See Appendix.�

.

Now, to explore the dynamic properties of the investment policy function we

have to be more specific about its shape. Let us start with fixedpoints of the

function. For any realizationz, definekz to be a fixed point for the investment
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policy functionh(k, z), i.e. kz is such thatkz = h(kz, z). We can also define

the maximum and minimum positive fixed points for any given realizationz as

follows,

kmax
z = max{k > 0|h(k, z) = k} (3.28)

kmin
z = min{k > 0|h(k, z) = k} (3.29)

Let us also define thebest shock, z, and theworst shock, z, in the sense that

on realization of the shock the most and the least amount of income is achieved

for any given level of capital available, respectively. Notice that since the small

economy’s income is a nondecreasing function of bothλ andθ, these are uniquely

defined:z =
(

λ, θ
)

andz = (λ, θ).

In the next proposition we show that for eachz, minimum and maximum posi-

tive fixed points are well defined and that the investment policy function possesses

certain stability properties.

Proposition 2. Fixed points and stability properties of the investment policy

function.

• For all z ∈ Z, kmin
z > 0 exists and for allk < kmin

z , h(k, z) > k.

• For all z ∈ Z, kmax
z exists and for allk > kmax

z , h(k, z) < k.

• The functionh(k, z) has a stable configuration, i.e.,kmax
z < kmin

z .

Proof: See Appendix.�

.

These stability properties imply that for all positive initial values of capital-

labor ratiok0, the optimal capital-labor ratio sequence{kt}
∞
t=1 will be bounded
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away from zero. Thus, without loss of generality, we can restrict the domain of

possible capital-labor ratios to a compact set
[

k, k
]

, wherek > 0. So now let

X =
[

k, k
]

.

Given that we have assumed the shocks to be i.i.d., the policyfunctionh(k, z)

defines a Markov process on the set of capital-labor ratiosX. Let B be the Borel

sigma field generated byX. For all B ⊂ B let P (kt−1, B) = Pr(kt ∈ B) be the

transition probability function of the capital-labor ratio process in the small econ-

omy. LetP t(B) = Pr(kt ∈ B) be the probability measure for small economy’s

capital-labor ratio in periodt defined on Borel subsetsB of X. It is generated by

the transition probability function as

P t (B) =

∫

X

P (k, B)P t−1(dk)

starting from some initial distributionP0 defined on(X,B). The invariant distri-

bution overX then, is any probability measureµ such that

µ(B) =

∫

X

P (k, B)µ(dk)

The economy is generally assumed to start from a given value of the capital,

that meansP 0 is a degenerate distribution concentrated on some positivevalue

of capital-labor ratio. Our objective here is to prove that no matter which pos-

itive value of capital we start from, the limitlimt→∞ P t is the unique invari-

ant distribution. More precisely, letδk0
be a degenerate distribution concen-

trated onk0. Let P 0(k0, B) = δk0
, P 1(k0, B) = P (k0, B), andP t(k0, B) =

∫

X
P (k, B)P t−1(k0, dk) for any setB ⊂ B. We need to show thatlimt→∞ P t(k0, B) =

µ(B) for all positivek0 and any Borel subsetB in B.
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Theorem 1. Convergence.

There exists the unique invariant probability measureµ on (X,B), such that

limt→∞ P t(k0, B) = µ(B) for all k0 > 0. The full support ofµ is the unique

non-degenerate compact interval onR++ given by[kmax
z , kmin

z ].

Proof: See Appendix.�

.

The above theorem says that no matter where different small economies start

from, their long run average per-capita capital stock will be the same. Thus, in

the long run, there will be convergence in the per-capita capital stock and hence,

convergence in the per-capita income levels across countries. This result is in

stark contrast to the result in the deterministic Heckscher-Ohlin model, where

two countries with different initial conditions will end upwith different levels

of steady state variables.

One key assumption in our model is the balanced trade condition. As already

pointed out, in the non-stochastic case the requirement that trade be balanced

period-by-period does not constrain equilibrium when boththe tradable commodi-

ties are produced in the economy. However, in case with uncertainty, there is an

incentive for the small economy to smooth consumption by borrowing and lend-

ing from the world economy. Not being able to do that, the small economy will

try to self-insure by saving more when income is higher than expected and less

when the income is lower than expected.

An important aspect of the model with uncertainty is that therate of return

within the cone of diversification is determined by the realization of the shocks

(see equations (3.11) and (3.13)). As a result the rate of return in the small econ-

omy, even within the cone of diversification, is not equal to that in the world
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economy. Thus, even within the diversification cone, the incentive to accumulate

or de-accumulate capital in the small economy is different from that of the world

economy. As such the small economy can grow (or have negativegrowth) inside

the diversification cone (though the world economy is in steady state). This is an

important distinction between the stochastic and non-stochastic versions.

Theorem 1 states that support of the invariant distributionis the unique non-

degenerate interval given by[kmax
z , kmin

z ]. The lower boundary of the intervalkmax
z

is the maximum fixed point of the policy function for theworstpossible shocks,

while the upper boundary is the minimum fixed point of the policy function for the

bestpossible shocks. As shown in Proposition 2, this interval isnon-degenerate,

and sincekmax
z > 0, its lower boundary is strictly positive.
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h(k,z)

h(k,z)

k*min(z) kk*max( z ) k*min(z)
--- ---
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Figure 1: Invariant set

The fact that the invariant distribution is unique can be illustrated using figure 1.

In that figure we have drawn two policy functions, one for the worst shockz and

the other for the best shockz. The capital-labor ratio in the shaded region, marked

as the invariant set, is the full support for the invariant distribution. Notice, first

that any economy that has capital-labor ratio in that regionwill always remain

there — the worst that can happen is that the economy faces theworst shock each

period, then its capital-labor ratio will converge to the lower boundary, whereas it

goes to the upper boundary in the best possible case when the country faces the
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best shock every period. Since, the policy function,h(k, z), is continuous and

non-decreasing inz and the shocks come from a full compact support, every non-

degenerate interval of capital-labor ratios within the invariant set is attainable with

positive probability. Now consider the case when the initial capital-labor ratio is

below the minimum point of the interval[kmax
z , kmin

z ]. A sequence of good shocks,

that happens with positive probability, will eventually bring it inside the interval.

The case when the capital-labor ratio is above the interval is symmetric. Thus,

[kmax
z , kmin

z ] will be the unique full support for the invariant distribution.

This characterization of the support also helps us to determine whether the

economy will diversify. To do that we need to find out whether there is any in-

tersection between the support of the invariant set and the diversification cone.

Recall thatkat andkmt are the capital labor ratios in sectorsa andm in the small

economy, whenever it produces positive amounts of both intermediate goods. It

can be shown6 that they are strictly increasing, continuous functions ofρ = paλ

pmθ
.

So the minimum values ofka, km are the ones that correspond toz∗ = (λ, θ) while

the maximum values ofka, km correspond toz∗∗ = (λ, θ). 7

Theorem 2. Diversification.

The fixed points of the optimal policy function satisfykmin
z > ka(z

∗) andkmax
z <

km(z∗∗).

Proof: See Appendix.�

The above theorem implies that there is a positive measure ofz such that

[kmax
z , kmin

z ] ∩ [ka(z), km(z)] is a non-degenerate interval. Which in turn implies,

6Please refer to the working paper version of the paper available from the authors on request.
7Note that given constant pricespa andpm, there is a unique single valued map fromz = (λ, θ)

to ρ = paλ

pmθ
. This allows us to writeka andkm as a function ofz instead ofρ.
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in an infinite horizon setting, that the support of the invariant set will intersect

with the diversification cone in at least some periods. Thus,the small economy

will surely diversify in some periods.

In the special case where both the intermediate sectors are affected by the same

shock, the boundaries of the diversification cone are fixed and coincide with those

of the world economy. It is then easy to prove the following result:

Corollary 1. Diversification - special case.

If λt = θt ∀t, then the fixed points of the optimal policy function satisfykmax
z <

ka(z) = kw
a andkmin

z > km(z) = kw
m.

This corollary proves that with economy-wide shocks the entire diversification

cone is a proper subset of the invariant set. So, in the invariant distribution a small

economy may visit the entire diversification cone and also some areas outside of

it.

Thus results on diversification also differs from the findingin the non-stochastic

version where a small economy starting from outside the diversification cone will

permanently specialize.

4 Simulation of the Small Economy

So far we have shown that with uncertainty and balanced tradethere will be con-

vergence, but our results are silent about the path or the speed of convergence. To

find out how fast convergence occurs, we simulate our model.

We first simulate the economy when there is no uncertainty. The path for

the capital is plotted in figure 2. This simulation replicates the results of the
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Heckscher-Ohlin models without uncertainty — a country that start with capital-

labor ratio less thanka grows till it reaches the lower boundary of the diversifi-

cation cone and then its capital-labor ratio is fixed at that level. The case with

countries that start with a capital-labor ratio greater than km is symmetric.

Next we simulate the small economy with uncertainty. We assume that uncer-

tainty is present only in the production of gooda, but there is no uncertainty in

the production of the intermediate goodm.8 We assume that there are two possi-

ble states, high and low, with equal probability.9 We then simulate our model for

different magnitudes of shocks. We fix the mean of the shocks in sectora, λt, to

be 1 and take different symmetric deviations from that,λH being the good shock

andλL being the bad shock. We find that the bigger are the possible shocks in

the small economy, the faster will be the convergence. This is illustrated in the

figures 3 and 4 where we report two cases: (i) deviation from the mean is 1%, (ii)

deviation from the mean is 10%.

The finding that the speed of convergence is increasing in themagnitude of

shocks relates our convergence result with non-convergence in the deterministic

version. It suggests that for small degrees of uncertainty it will take extremely long

for economies to converge. In the limit, when uncertainty isdriven to zero, con-

vergence disappears altogether. Thus, the deterministic Heckscher-Ohlin model

is a special case of the stochastic model.

Our simulation is useful in another dimension as well, it allows us to see the

actual shape of the investment policy function. A plot of thepolicy function in

figure 5 reveals the effect of uncertainty and market incompleteness in our model.

8None of our qualitative results change because of this assumption.
9Simulations with continuous state space give similar results.
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Recall that in the deterministic case the investment policyfunction coincides with

the 45 degree line everywhere within the diversification cone, every point there

is a fixed point and a steady state. With uncertainty the policy function tilts — it

is above the 45 degree line for low values of the capital-labor ratios even for the

worst possible shock. Further, the policy functions for good and bad shocks shift

apart from each other. This is a manifestation of the desire of the representative

agent to self-insure using the only means available to her, by accumulating and

de-accumulating capital. As a result multiple steady states are not possible in this

case.

Also notice that in figure 5 that in this particular simulation the invariant set

is within the diversification cone. This is due to changes in the comparative

advantage across sectors induced by sector-specific shocks. When we simulate

the model with the same productivity shocks in both sector, so that there are no

changes in comparative advantage across sectors, we find that now the invariant

set includes the entire diversification cone (figure 6). Thisis in accordance with

the prediction of corollary 1.

5 Analytical example with no convergence

To understand the role of country-specific uncertainty in conjunction with binding

balanced trade condition this section presents a model in which all countries are

affected by same productivity shocks. We show analyticallythat in this particular

example countries do not converge and may permanently specialize in producing

only one tradable good.

In this example we assume a different structure for uncertainty. We assume

30



that both the world and the small economy face identical shocks, i.e.,λw
t = λs

t ,

andθw
t = θs

t for all t. Thus, now the relative productivity between the small and

the world economy does not change.

We use specific functional forms for the utility and the production functions.

The utility function is logarithmic,u(c) = ln(c), while all production functions

are Cobb-Douglas. The individual production functions aregiven by,

• Final good technology:H(a, m) = aµm1−µ

• Intermediate gooda technology:λF (K, L) = λKαL1−α

• Intermediate goodm technology:θG(K, L) = θKγL1−γ,

where1 > γ > α > 0. Further, we assume full depreciation, i.e.,δ = 1. Under

these assumptions we can find an analytical solution to the dynamic problems of

both the world and the small economies. Since, in this example we provide the

dynamics of both the world and the small economy, we will again use superscript

w for world ands for small economy to distinguish them.

Given the specific functional forms it is easy to show that in the world econ-

omy the allocation of labor across intermediate sectors is fixed:

Lw
at =

(1 − α)µ

(1 − α)µ + (1 − γ)(1 − µ)
(5.1)

Lw
mt =

(1 − γ)(1 − µ)

(1 − α)µ + (1 − γ)(1 − µ)
. (5.2)

Further, optimal capital-labor ratios in both intermediate sectors of the world

economy are proportional to the aggregate capital labor-ratio:
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kw
at =

1

La(1 − Ω) + Ω
kw

t−1 (5.3)

kw
mt =

Ω

La(1 − Ω) + Ω
kw

t−1, (5.4)

whereΩ = γ(1−α)
α(1−γ)

> 1. Denoteφa = 1
La(1−Ω)+Ω

, andφm = Ω
La(1−Ω)+Ω

. Thus,

capital-labor ratio in each sector is a constant fraction ofthe aggregate capital-

labor ratio. Notice thatφa ∈ (0, 1), while φm > 1, a consequence of technology

m being more capital intensive than technologya.

The optimal capital-labor ratio in the world economy evolves according to the

following law of motion:

kw
t = At

(

kw
t−1

)q
(5.5)

where,At = Qλ
µ
t θ

1−µ
t is the aggregate productivity (Q is a positive constant)

andq = λµ + γ(1 − µ). Sinceq < 1 the world capital-labor ratio converges to

a unique invariant distribution. The above law of motion forworld capital-labor

ratio determines a Markov process for intermediate good pricespat, pmt. Notice

that the prices of the intermediate goods are no longer constant across time.

Now suppose, at the beginning of periodt, the small economy’s capital-labor

ratio isks
t−1 > 0. Let τt =

ks
t−1

kw
t−1

, be the capital labor ratio in the small economy

relative to that in the world economy. There are three possible cases to consider:

• If τt ≤ φa, thenks
t−1 ≤ kw

at = φak
w
t−1. In this case the small economy will

produce only gooda in periodt. The optimal level of investment in this case

will be ks
t = αβpatλt

(

ks
t−1

)α
= αβτα

t patλt

(

kw
t−1

)α
.

• If φa < τt < φm, then ks
t−1 ∈ (kw

at, k
w
mt) and the small economy will
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produce both goods,a and m, in period t. The optimal level of invest-

ment in this case will beks
t = αβτtφ

α−1
a patλt

(

kw
t−1

)α
or equivalently,

ks
t = γβτtφ

γ−1
m pmtθt

(

kw
t−1

)γ
.

• Finally, if τt ≥ φm, the small economy will produce only goodm in period

t, and will investks
t = γβτ

γ
t pmtθt

(

kw
t−1

)γ
.

This investment rule implies that in the next period,t + 1, the capital-labor

ratio in the small economy relative to that in the world economy will depend on

whether or not the small economy is inside the diversification cone. Thus, in

periodt + 1 we have,

• If τt < φa, then ks
t

kw
t

=
αβτα

t patλt(kw
t−1)

α

αβφα−1
a patλt(kw

t−1)
α = τt

(

τt

φa

)α−1

> τt.

• if τt ∈ [φa, φm], then ks
t

kw
t

=
αβτtφ

α−1
a patλt(kw

t−1)
α

αβφα−1
a patλt(kw

t−1)
α = τt.

• if τt > φm, then ks
t

kw
t

=
γβτ

γ
t pmtθt(kw

t−1)
γ

γβφ
γ−1

m pmtθt(kw
t−1)

γ = τt

(

τt

φm

)γ−1

< τt.

Thus, whenever the small economy has an aggregate capital-labor ratio out-

side the diversification cone,[kat, kmt], the optimal investment policy will push it

closer to the diversification cone. If, on the other hand, thesmall economy starts

within the diversification cone, it will maintain a constantratio between the do-

mestic aggregate capital-labor ratioks
t , and the world aggregate capital-labor ratio

kw
t . Thus, if two small economies started within the diversification cone, but with

different capital-labor ratios relative to that of the world economy, they will main-

tain those relative positions. Hence, there is no convergence in capital or income.

Also, if any small economy starts with capital labor ratios outside the diversifica-

tion cone, they will always specialize in the production of only one commodity.
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Thus we get the same results as in the non-stochastic versionof the dynamic

Heckscher-Ohlin model: multiplicity of invariant distributions of capital, no in-

come convergence, and permanent specialization in production.

The only difference between this example and the stochasticversion consid-

ered earlier is that here both the small and the world economies face identical

shocks, i.e.zw
t = zs

t for all t. As a result of global shocks, there is no difference

in productivity between the small economy and the world economy. Inside the

diversification cone, the small economy and the world economy have same return

to capital. There is no incentive for borrowing or lending between the economies

and the trade balance constraint does not bind. Balanced trade is an equilibrium

outcome in this case, as in the non-stochastic version.

This shows that the fact that the trade balance constraint binds, as countries

realize different productivity shocks, is crucial for our convergence and diversifi-

cation results. It is not just uncertainty that is important. Here we have uncertainty

and yet the results are very similar to what we see in deterministic models.

On a more technical level, the difference between this section and the previous

sections is the nature of shocks the small economy faces. Since the world is

now subject to productivity shocks, intermediate good pricespat andpmt follow

a Markov process. As a result, the shocks that the small economy face,λtpat and

θtpmt, are autocorrelated rather than i.i.d. as in the previous sections. So, the

example illustrates the possibility of having multiplicity of invariant distributions

of capital with suitably correlated shocks.
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6 Conclusion

In this paper we build a dynamic Heckscher-Ohlin model with uncertainty and

study the equilibrium properties of that model. We show thatin an uncertain

world, when markets are not complete, different economies will have the same av-

erage long-run income irrespective of where they start from. This reverses the pre-

dictions of the deterministic dynamic Heckscher-Ohlin model. Thus, our results

extend the predictions of income convergence, standard in one sector neoclassi-

cal growth models, to a multi-sector open economy in the dynamic Heckscher-

Ohlin environment.

The results of our model differ from the deterministic dynamic Heckscher-

Ohlin model on another aspect. We find that there will certainly be some periods

in which a small open economy diversifies, even if it starts with a very low capital

stock. In fact a small economy with two tradeable sectors mayvisit the entire cone

of diversification (and some outside the cone) in the specialcase when it faces

identical shocks in both sectors. This is in contrast to the deterministic version,

where countries may permanently specialize in producing a subset of tradable

goods.

The paper also highlights the role of the period-by-period trade balance con-

straint, a standard feature of deterministic models, in a model with country specific

shocks. In this case the constraint binds and is crucial in obtaining our results. In

an example which we have solved analytically, we find that with global shocks

affecting all countries, the constraint does not bind, and we no longer get income

convergence.

The results of the deterministic version and the stochasticversion may seem

to be two different extremes, but our simulation results give a sense of continuity
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between the two cases. The simulations show that the smallerthe shocks, the

slower is the convergence and in the limit when there is no uncertainty there is no

convergence. Thus, this paper suggests that the path of development will depend

on the nature and extent of uncertainty, though eventually countries will converge

in terms of income levels.
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Appendix

A Proof of Proposition 1

The assumptions on the utility functionu(c) place this problem into the domain

of “Bounded Return Problems”, as defined in section 9.2 of Stokey, Lucas and

Prescott (1989). It is straightforward to verify that theirassumptions 9.4-9.12 are

satisfied by our model. The results of the first part then follow from theorems 9.6,

9.7, 9.8 and 9.10 in Stokey, Lucas and Prescott (1989).

c(0, z) = 0 andh(0, z) = 0 is obvious. It is easy to show that both policy

functions are strictly increasing, continuous functions of y.10 Therefore, these

policy functions inherit all the continuity and monotonicity property ofy.

B Proof of Proposition 2

The proof of the main theorem in Chatterjee and Shukayev (2004) can be applied

to show that the minimum positive fixed point for the worst possible shockkmin
z

(wherez = (λ, θ)) is well defined and stable. Once this is established, the first

two results of the proposition follow trivially from monotonicity and boundedness

of the investment policy function.

To prove the last result we will show thatkz < kz for any fixed points of

h(k, z) andh(k, z) correspondingly. To show that we will first prove the following

two claims:

Claim 1: For any fixed pointkz of h(k, z) we have1 > β
∫

Z
y′(kz, z)η(dz).

10For example, see proofs of lemmas 1.1 and 1.2 in Brock and Mirman (1972).

43



Proof: From the Euler equation we have,

u′(c(kz, z)) = β

∫

Z

u′(c(kz, z))y′(kz, z)η(dz)

Sinceu′(c(kz, z)) ≥ u′(c(kz, z)), with strict inequality for somez ∈ Z,

u′(c(kz, z)) > βu′(c(kz, z))

∫

Z

y′(kz, z)η(dz)

1 > β

∫

Z

y′(kz, z)η(dz).

Claim 2: For any fixed pointkz of h(k, z) we have1 < β
∫

Z
y′(kz, z)η(dz).

Proof: From the Euler equation we have,

u′(c(kz, z)) = β

∫

Z

u′(c(kz, z))y′(kz, z)η(dz)

Sinceu′(c(kz, z)) ≤ u′(c(kz, z)), with strict inequality for somez ∈ Z,

u′(c(kz, z)) < βu′(c(kz, z))

∫

Z

y′(kz, z)η(dz)

1 < β

∫

Z

y′(kz, z)η(dz)

The above two claims, along with the fact thaty′(k, z) is decreasing ink for

every value ofz, establishkz < kz.

C Proof of Theorem 1

We show that the three assumptions of the Theorem 2 of Hopenhayn and Prescott (1992)

are satisfied:

• the domain setX contains its lower and upper bounds.

Since,X =
[

k, k
]

is a compact set it satisfies this assumption.
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• the transition probabilityP is increasing in the sense of first-order stochastic

dominance.

Sinceh(k, z) is increasing ink for everyz, P (k, B) is indeed increasing.

• Monotone Mixing Condition: there exist somẽk ∈ X and an integerM

such thatP M(k, [k, k̃]) > 0, andP M(k, [k̃, k]) > 0.

For brevity let us definey′ = ∂y

∂k
.

Consider the following set̃K = {k ∈ X| β
∫

Z
y′(k, z)η(dz) = 1}. Continuity

and monotonicity ofy′(·, z) for everyz guarantee that̃K is nonempty, although

in general it may contain more than one point. Letk̃ be any point inK̃. Let

the sequence{kn}
∞
n=0 be generated askn = h(kn−1, z) with k0 = k. By the

monotonicity of optimal policy rule{kn} is decreasing and we know from the

proposition 2 thatkn → kmax
z . For anyε > 0, the rectangle[(λ, θ), (λ + ε, θ + ε)]

has a positive measure underη. This together with continuity ofh(k, ·) imply that

the probability of entering into any neighborhood ofkmax
z in finite number of steps

is positive.

From the Claim 2 in the proof of the proposition 2 we have1 < β
∫

Z
y′(kmax

z , z)η(dz).

Hencekmax
z < k̃. Exactly symmetric line of argument establishes thatkmin

z > k̃

and that there is a positive probability the sequence{kn}
∞
n=0 started fromk0 = k

enters any neighborhood ofkmin
z in a finite number of steps. The above re-

sults prove that there exist some integerM such thatP M(k, [k, k̃]) > 0, and

P M(k, [k̃, k]) > 0.

Thus, all three assumptions of Theorem 2 in Hopenhayn and Prescott (1992)

are satisfied, which establishes the desired convergence result.

The full support for this invariant distribution is[kmax
z , kmin

z ]. To see it ob-

serve that the sequence{kn}
∞
n=0 generated askn = h(kn−1, z) started from any
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k0 > kmax
z , enters with positive probability any neighborhood ofkmax

z . Simi-

larly, {kn}
∞
n=0 generated askn = h(kn−1, z) started from anyk0 < kmin

z , enters

with positive probability any neighborhood ofkmin
z . It is also clear that once in

[kmax
z , kmin

z ] the Markov processP t(k0, ·) cannot leave this set. Thuskmax
z , and

kmin
z must be the boundaries of the ergodic set. To show that the whole interval

[kmax
z , kmin

z ] is an ergodic set choose any open interval(k1, k2) ∈ [kmax
z , kmin

z ] of a

certain lengthl > 0, and any pointk0 ∈ [kmax
z , kmin

z ]. Without loss of generality

assumek0 < k1. Observe that for anyk ∈ (kmax
z , kmin

z ) the imageh(k, Z) is a

non-degenerate interval[h(k, z), h(k, z)] such thatk belongs to the interior of this

interval. Then we can construct an increasing sequencekn = h(kn−1, zn−1) such

that0 < ε
2

< |kn − kn−1| < ε < l
2
. Clearly, this sequence will enter(k1, k2) in

finite number of steps, say inN steps. By continuity ofh(·, ·) this sequence can

be constructed with a positive measure of shock historieszN = (z0, z1, ..., zN) ∈

Z × Z × ... × Z (N times). Obviously, fork0 > k2 we can construct a decreas-

ing sequence. So we proved thatP N(k0, (k
1, k2)) > 0 for some finiteN. This

establishes irreducibility, and hence ergodicity of[kmax
z , kmin

z ].

D Proof of Theorem 2

We will prove the following two claims, which together with the claims 1 and 2

in the proof of the proposition 2 establishkmin
z > ka(z

∗) and kmax
z < km(z∗∗).

Claim 3: If k ≤ ka(z
∗) then1 ≤ β

∫

Z
y′(k, z)η(dz).

Proof: For all z ∈ Z we havek ≤ ka(z
∗) ≤ ka(z) andk ≤ ka(z

∗) ≤ kw
a .
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Hence,

β

∫

Z

y′(k, z)η(dz) = β

∫

Z

[paλ(z)f ′(k) + 1 − δ] η(dz)

= β [paf
′(k) + 1 − δ] ≥ β [paf

′(kw
a ) + 1 − δ] = 1

Claim 4: If k ≥ km(z∗∗) then1 ≥ β
∫

Z
y′(k, z)η(dz).

Proof: For all z ∈ Z we havek ≥ km(z∗∗) ≥ km(z) andk ≥ km(z∗∗) ≥ kw
m.

Hence,

β

∫

Z

y′(k, z)η(dz) = β

∫

Z

[pmθ(z)g′(k) + 1 − δ] η(dz)

= β [pmg′(k) + 1 − δ] ≤ β [pmg′(kw
m) + 1 − δ] = 1

Now, claim 2 of the proposition 2 and claim 4 here establishkmax
z < km(z∗∗),

while claim 1 of the proposition 2 and claim 3 here provekmin
z > ka(z

∗).

E Proof of Corollary 1

We will prove that for allk ∈ [kw
a , kw

m] the following must be true:β
∫

Z
y′(k, z)η(dz) =

1. Once that is established the results of the proposition follow from claims 1 and

2 in the proof of the proposition 2.

Fix anyk ∈ [kw
a , kw

m]. Then we have,

β

∫

Z

y′(k, z)η(dz) = β

∫

Z

[paλ(z)f ′(kw
a ) + 1 − δ] η(dz)

= β [paf
′(kw

a ) + 1 − δ] = 1.
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