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Abstract

We characterize the equilibrium for a small economy in a dyicddeckscher-
Ohlin model with uncertainty. We show that when trade is heda period-
by-period, the per capita output and consumption of a snpaheconomy
converge to an invariant distribution that is independémh®initial wealth.
Further, at the invariant distribution, with probabilitp@there are some pe-
riods in which the small economy diversifies. These resuéisrasharp con-
trast with those of deterministic dynamic Heckscher-Ohtindels, in which
permanent specialization and non-convergence occur. &nie&ture of our
model is the presence of market incompleteness as a resh# period-by-
period trade balance. The importance of market incompstgrand not just
uncertainty, in achieving our results is illustrated thghwan analytical ex-
ample. Further, numerical simulations show that the spéedrwvergence is
increasing in the size of the shocks. Thus, our results dxten predictions
of income convergence, standard in one sector neoclaggimath models,
to the dynamic multi-country Heckscher-Ohlin environment
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1 Introduction

Will income levels in two countries, which start from difést conditions, con-
verge? Traditionally, deterministic closed economy nassical growth models
were used to answer this question. These models predictakhddng as coun-
tries have the same preferences, the same technologieb@sdrhe population
dynamics, they will converge to the same level of per-capit@me from any
(positive) initial wealth. So, initial conditions do not tber for the long-run in-
come levels. Brock and Mirman (1972) extended this residtdohastic environ-
ment by showing that countries will converge to the sameriana distribution
of income irrespective of their positive initial wealth. Wever, more recently
Chen (1992), Ventura (1997), Atkeson and Kehoe (2000) hiawenis that in de-
terministic dynamic Heckscher-Ohlin models — that is medeith two or more
tradeable commodities which are produced using neockdgsioduction func-
tions differing in capital intensities — convergence mayoccur. This is despite
all countries being identical (except for initial condit®), and all the produc-
tion functions being strictly concave. Although the modedsy in details, all of
them rely on trade-induced factor-price-equalizationaliHeads to existence of
multiple steady states. Initial conditions determine tachitsteady state a partic-
ular economy will converge. This result has led to a surgentarest in dynamic
Heckscher-Ohlin models, with the view that such models aergially account
for the observed income differences across countries withesorting to non-
convexities or structural differences between countries.
It is natural to wonder if the results from a deterministicdabwill carry

over to an uncertain world. We introduce technological utacety in a dynamic

Heckscher-Ohlin model and, just as in the one sector nesicigrowth model,



we obtain income convergence across countries. We showntien trade is
balanced period-by-period, a standard assumption in etestic Heckscher-
Ohlin models, the per capita output and consumption of alsop&in economy
converge to an invariant distribution that is independémihe initial wealth. Fur-
thermore, another prediction of the deterministic modaét tountries may per-
manently specialize, i.e., may never produce all tradeadsternodities, is over-
turned by the introduction of uncertainty. We find that in arcertain environ-
ment, when income of an economy is within the invariant dstron, there will
surely be some periods in which the small economy diversifiés important to
state that in our modeling strategy we are following Atkesod Kehoe (2000)
in concentrating on the dynamics of a small open economyhtasino effect on
world prices of tradable gootls

Why are the results so different in the stochastic versiothefHeckscher-
Ohlin model from those in the deterministic version? To ustind that first
consider the deterministic version. In such models whemta@s diversify (i.e.,
when their aggregate capital-labor ratios are within themification cone and
they produce all tradeable goods), factor price equatinatieans that the coun-
tries face the same rate of return to capital. Thus, whereprates are identical
across countries, there is no incentive for agents in onatoptio accumulate

capital if there is no incentive for agents in the other copmd do so. This

2In our model there are two tradeable intermediate sectoh& pFoduction function of one
intermediate good is more capital intensive than anothdre ihtermediate goods combine to
produce the final good which can be consumed or investedrndtiee, one can model the econ-
omy with two goods, consumption and investment, with investt good produced using a more
capital-intensive technology than the consumption goodt ®sults will hold in the alternative

model also.



implies that if one country is in a steady state, so is therothe particular, if
the world economy is in steady state, all capital-laborosatwvithin the diversi-
fication cone can be sustained as steady states. Conseggaeyticountry that
starts with a capital-labor ratio within the diversificatioone will remain at that
level of capital forever. Countries that start outside thveification cone, with
a low capital-labor ratio, will grow till they reach the lowboundary of the di-
versification cone. Such countries will never enter the @ifieation cone and
will permanently specialize in production of less-capitaknsive tradable goods.
Therefore, in this case, the initial conditions determime fate of the country in
the long run.

In the presence of country specific uncertainty and markstmpleteness
(arising from period-by-period trade balance conditidroyever, the initial con-
ditions are eventually irrelevant. In an uncertain worldptsmall economies
starting from different initial conditions will find thembses in a similar situa-
tion in the future, in which they will surely diversify theroduction in at least
some periods. Uncertainty by itself is, however, not endoglconvergence. The
period-by-period trade balance creates market inconmste and that is crucial
for the convergence result. In the deterministic model, wék countries have
capital-labor ratios within the diversification cone, tlental rates are equated
across them and so, there is no incentive to borrow and ld¢achiationally. Thus,
the absence of borrowing and lending as a result of the bathtrade in each
period is irrelevant. If, however, different countries dadifferent shocks, then
rate of return to capital is not the same across countriesadh @eriod. Then
there can be mutual gains through risk sharing if countreegccborrow and lend

from each other. Period-by-period trade balance prevéats torcing countries



to self-insure only through accumulation and de-accurianadf capital® As a
result in economies with productivity shocks differentrfrahose faced by the
world, the policy functions shifts relative to those in eoories without uncer-
tainty. This implies that the capital-accumulation polfayction in an economy
with uncertainty no longer coincides with the 45 degree,la® it does in de-
terministic Heckscher-Ohlin models, and we no longer gettiplicity of steady
states.

The importance of differences in productivity shocks iigkato the world in
conjunction with balanced trade condition is illustratecbtugh an analytical ex-
ample. In this example we assume that a small economy anéshefrthe world
economy both face the same realization of shocks each pénakiis case, there
is no income convergence and the small economy permaneyebjiadizes if it
starts from outside the diversification cone. Thus, in tReneple, despite uncer-
tainty, results are very similar to what we observe in deieistic models.

We also simulate our model to understand how the speed otogence de-
pends on the size of the shocks that the economy faces. Wénéinthe bigger the
shocks are, the faster is the convergence. In the limit, wimeertainty vanishes
the convergence disappears. This suggests that, if umtgrasmall, initial con-
ditions play an important role in the development of a copntrtakes a long time
for initially poor countries to catch up with richer coumsi For higher levels of
uncertainty, however, initial conditions will quickly ceato have an effect on per-

capita income levels across countries. The simulation latsous see the actual

30ne point to note here is that if, instead of setting borrgnind lending to zero, we allowed
for limited borrowing our results would remain unchangedbag as the limit on borrowing was

sufficiently low.



shape of investment policy functions and the location ofgineport of invariant
distribution of capital vis-a-vis the diversification cone

Our paper encompasses various strands of the literaturst, Figeneralizes
the dynamic Heckscher-Ohlin model in an important way byoidticing uncer-
tainty. It shows that deterministic dynamic Heckscheri@hiodels studied by
Chen (1992), Ventura (1997), Atkeson and Kehoe (2000) arng yecial lim-
iting cases of the stochastic environment. On the other hhisdpaper also
extends to the open economy setting the convergence redudtslosed econ-
omy stochastic growth model studied by many researchersngtdrom Brock
and Mirman (1972). Our paper also relates to the long liteeabn income
fluctuations problem which studies savings decisions undeertainty and mar-
ket incompleteness. Clarida (1987), Aiyagari (1994) andr@berlain and Wil-
son (2000) are just a few examples that fall into this catggor

The paper is organized as follows. In the next section werdesour model’s
environment. In section 3, we give the equilibrium resuttsthis model, includ-
ing those on convergence and diversification. In section 4imelate this model
and discuss the speed of convergence. In section 5 we praxid@alytical ex-
ample of non-convergence when both the world and the smafieay face the
same uncertainty. Finally we conclude in section 6. All thegfs are collected

in the appendix.

2 TheEnvironment

The economic environment consists of two economiesnall economynd the

rest of the world economyPopulation is fixed in both the countries. We assume



that the population size in the small country is of measure egative to the rest
of the world. Motivated by this assumption, and for brewtg refer to the rest of
the world economy as simply tiveorld economy

The two economies are assumed to have identical preferamcesechnolo-
gies, except for stochastic productivity factors. In eachn®emy there are two
intermediate goods, andm, and one final goody”. The intermediate goods are
produced using capital and labor in each intermediate gecids Technology for
producing good: is less capital intensive than the technology produeingrhe
intermediate goods are traded between the economies. Ehgdiod is produced
by combining the two intermediate goods. It can be eitheested or consumed
domestically but cannot be traded across economies. Capidalabor are also

immobile across borders.

2.1 Preferences

The agents in both the economies are assumed to have idgnéfxences. Rep-
resentative agents in each economy supply labor ineldigtenad derive utility
from consumption.

Assumption 1

The utility function,u : R, — R has the following properties:

1. u is continuous oMk ., bounded below, and (without loss of generality)
u(0) = 0.

2. u Is twice continuously differentiable and strictly concaie.,u'(c) > 0,

U”(C) <0 V cE R++

3. lim,_ v/ (c) = 0.



2.2 Production

Each economy has access to three technologies: two inteaategghod technolo-
giesa andm, and one final good technologdy. All the production function are as-
sumed to be standard neoclassical production functiommoleneous of degree
one in all inputs, twice continuously differentiable witbgitive and diminishing
marginal products of each input.

Final good is produced by combining intermediate gaodadm:
Y = H(a,m), (2.1)

H(a, m) satisfies the following assumptiorfs:
Assumption 2

H(a, m) exhibits constant returns to scale, and fora#t 0 andm > 0,

1. H(O,m) = H(a,0) =0

2. Hy(a,m) > 0, Hy(a,m) > 0, Hy1(a,m) < 0 andHys(a,m) < 0

There are two distinct production functions, which comizagital and labor
to produce intermediate goods. The technology for produritermediate good
a IS given by,

a=AF(K,, L) (2.2)

‘Here we usd{; to represent the partial derivative of H with respect to itst fargument. We

do so for all other first and second derivatives.



where is the productivity factor and is potentially stochasti¢, and L, are
capital and labor employed in sectar

The technology for producing intermediate goads given by,
m = 0G(K,, Ly,) (2.3)

whered is the productivity factor and is also potentially stoci@mssimilarly,
K,, andL,, are capital and labor employed in sector

Assumptions on both production functioAsandG are similar to that on H —
they are constant returns to scale, and their marginal jptedi capital and labor
are positive and strictly diminishing. In addition the imteediate technologies
satisfy the following boundary conditions.
Assumption 3

Boundary conditions for intermediate technologies:

1. ForallL >0, limg_g Fl(K, L) = limg_g Gl(K, L) = 00

2. ForallL > 0, limg_ o Fl(K, L) =limg_ Gl(K, L) =0.

We also assume, as standard in Heckscher-Ohlin modelsththagoodm
technology is more capital intensive than the gaagchnology for all relevant
factor price ratios (i.e., there are no factor intensityersals). More formally, we
have the following assumption,

Assumption 4

Fy(K,L) Ga(K,L
Forall K > 0andL > 0 Ff(K,L) > Gf(K’L .

N N



2.3 International Trade

The final good, capital and labor are not tradable acrossdhetdes. The only
commodities that can be traded between the economies atedhatermediate
goods. Thus, the quantities of intermediate goods utilimedsmall economy for
the production of final goods can be different from the queastiproduced in the
small economy. We assume, as is standard in deterministiardic Heckscher-
Ohlin models, that trade is balanced in each period for eachamy.
Assumption 5

In all periodst, and for both countrie§ = s, w)

i,d

s 7 i,d
Pat(ay” — at) + Dt (M

—ml) =0, (2.4)

where the variables with superscriptire quantities demanded in the country
1, the variables without superscrigptire quantities produced in the countryand
Pat» Pt @re the world prices of intermediate goods. This assumptasno im-
plication on the equilibrium outcomes in deterministic kether-Ohlin models
when both the economies produce both intermediate goodisatrtase balanced
trade is an equilibrium outcome. With country specific pratduty shocks, how-
ever, the period-by-period balanced trade constraintndibg and precludes risk
sharing opportunities through borrowing and lending. Aswik see later, this
constraint plays an important role in determining the eguiim outcomes. The
absence of borrowing or lending due to balanced trade @insis also be re-

flected in the budget constraint of a representative houdébquation (3.1)).



2.4 Uncertainty

In this paper, except in section 5, we assume that the woddauy faces no

uncertainty. Further, productivity factors in the intediate technologies used in
the world economy\}” and#@} are both normalized to be equal to one forzall

The small economy, however, faces uncertainty\>-and¢; are stochastic. The
following are the assumptions about the distribution\pandd;:

Assumption 6

1. Both)\; andp; are i.i.d. drawn from their respective time invariant dbsir

tions.

2. The support ok? is A = [\, \], whered < A\ < X < oo, while the support
of 0! is© = [0,0], where0 < < 0 < oo.

3. E[\ =1andE[f] = 1.

The last part of the assumption above ensures that the exp@ciductivity of
each sector in the small economy is equal to productivithefworld economy’s
sectors.

Notice that this setup includes the special case where betlintermediate
sectors are subject to the same productivity shocks,X,e= 6, Vt. It can be
easily shown that this case is also equivalent to the enwiesrt in which only
the final good technology faces productivity shock (no shiocthe intermediate
technologies).

Let » be probability measure for the joint distribution of= (A, 9), defined
on the Borel subsets ¢f = A x ©. The assumption that and® are full supports

imply thatn(A) > 0 for any non-degenerate rectangledn= A x © space.
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At this point it is useful to state the timing of various ev&ahd decision pro-
cesses in the economy. At the beginning of every period tleentainty about
current productivity levels is resolved. The consumers|fyood producers, in-
termediate goods producers all take their decisions dft@r t The consumers
choose how much to consume and save. The savings decisemmaats the next
period’s capital. The intermediate goods producers dedmsv to allocate the
capital and labor available in the economy between the twtose Thus note
that here the aggregate capital in the economy is decidentebdfe uncertainty
for the period is resolved (it is decided a period earlieu},the allocation of capi-
tal and labor across sectors takes place after the undgrisiresolved. Also, the
final good producers decide the amount of each intermed@idggto demand,
which in turn determines the quantity of exports and impoftsach intermediate
good. With this timing, the subscripton a variable signifies that the variable
is measurable with respect to the information availableauperiodt, including

periodt productivity shocks in both sectors.

3 EquilibriumintheWorld and the Small Economy

In this section we characterize the equilibrium of the wanhdi the small econ-

omy. We begin with the world economy.

3.1 Equilibrium in the world economy

Our assumption that the small economy’s population is af meeasure compared
to the population of the world economy implies that the watdnomy behaves

as a closed economy and the prices of the intermediate goedketermined by

11



the world economy’s equilibrium alone.

In the absence of uncertainty the world economy will congei a unique
steady state. In the steady state the prices of the inteateeglbod$,, andp,,, and
the interest rate in the world economy will be constant ativse.

In our analysis of the equilibrium for the small economy wdl @ssume that
the world is in the steady state. The world economy’s equilib determines
the intermediate good prices, andp,,, prevailing universally in both the world
and the small economy. So, in our analysis of the small ecgntim prices of
intermediate goods are given and constant across time, gifsm® we are concen-
trating on the equilibrium of the small economy only, we wlilbp the superscript
1 from all variables. We will distinguish world variables Wwisuperscriptv when-

ever necessary.

3.2 Decision Problemsin the Small Economy

In the small economy the representative household maxariee lifetime ex-
pected utility subject to the period budget constraint akdnyg prices of labor,
wy, and capitaly;, as given. Thus the representative household’s decisiio pr

lem is to choose the consumption investmentr; and capitak; to solve:

o

max EAY 87 u(cy)]

{ctvxtvkt}toil =1
s.t. Ct + x4 S wy + Ttkt—l (31)
]Ct = (1 — (S)kt_l + Ty (32)

given initial level of per-capita capital_;.

12



Notice that markets are incomplete, there are no contirggsgts available to
the households to insure themselves against risk. Morgihesibudget constraints
above do not allow for borrowing or lending. Capital accuatian is the only
available instrument to transfer resources across pesiodstates of nature. The
lack of borrowing or lending is a reflection of the period4pgriod balanced trade
constraint described earlier.

The above maximization problem results in the following ayric optimality

conditions:

W(c) = BE W (cerr)(1 =0+ 7o) (3.3)
c+ke = w+rki+(1—0)k_y (3.4)

These are the equations which determine the dynamics afgmta capital and
per-capita wealth in this model.

On the production side, there are two kinds of firms in the eooy final good
firms and intermediate goods firms. We assume each firm operaseperfectly
competitive environment. The representative final good fatkes the prices of

the intermediate goods as given and solves the followinglpro:

: d d
. angli,%} Paly + PmMy
st. Y, < H(al,m) (3.5)

As mentioned earlier, variables with superscrre the quantities demanded in
the economy, while variables without the superscripts la@eguiantities produced

in the economy. The first order conditions for the final gooah fare,

13



pa = Hi(aj,m;) (3.6)
Pm = Ha(a,mj) (3.7)

Given world prices of intermediate goods, these equatieterohine the rela-
tive quantities of intermediate goods demanded in the secathomy.

The representative intermediate goods firm in each econdigses how to
allocate the total capital and labor available in that eoayacross the two sectors.
It takes world prices of intermediate goods and domestinfaarices as given and

solves,

7 (Kot + Kont) + wi( Lot + Lint)

min
{K(LtyL(Lt7K"Lt7L’ULt}
s.t. Paly + P S pa)\tF(Kata Lat) +pm9tG(Kmt7 Lmt)- (38)

Let us define the intensive form of the intermediate proaunctiunctions as :

fb) = F() 39)
g(k) = G(%,l). (3.10)

The following equations give the first order conditions inme of the intensive

production functions,

Paef (kat) < 14 (3.11)
Pai [f (kat) = f'(Ka)kat] < wy (3.12)
Pibrg (ki) < 7o (3.13)
Pmbe [9(kme) = G (kmt)hpe] < wy (3.14)

14



Inequalities (3.11) and (3.12) hold with equality whenesectora is oper-
ated with positive inputs, while inequalities (3.13) andL@ hold with equality
whenever sectat is operated with positive inputs.

Thus it is the intermediate firms which decide whether or agirbduce both
intermediate goods in positive quantities, or in other vgonthether or not the
country will diversify. Their first order conditions can bsad to define the bound-
aries of the “cone of diversificatiort?, andk? ,. Whenever the aggregate capital-
labor ratio of a small economy belongs to the interior of tuee k; € (k2,, kb,,),

it is profitable to produce both the intermediate goods irsthall economy. The

boundaries:®, andk® , are defined as a solution to the following equations

paref'(ke) = pibeg (kpyy) (3.15)
pae [f(KD) = F/(RoDK] = pwbi [g(KDy) — o' (Kb )KD,]  (3.16)
The above two equations are the optimality conditions whighate marginal
products of capital and labor in two intermediate sectotseylmust be satisfied
whenever both intermediate sectors are operated, i.en et@nomy’s aggregate
capital-labor ratio is within the cone of diversificatiom this case, the optimal
capital-labor ratios in intermediate secterandm are k,; = k%, and k,,; =
kb . respectively. This allows us to dispense with the supesstriwith &,, and
k. signifying both the boundaries of the cone of diversificatamd the optimal
capital-labor ratios in the two sectors of economies withencone. Observe that
the boundaries;,; andk,,; are stochastic, they are functions)gfandé;.
A crucial point is thatk,; and k,,; are independent of the domestic capital-
labor ratiok;_;. As long as the aggregate capital-labor ratios of two (orenor

economies, that face same realizations of both produgsWiocks)\; andd;, fall

15



within the cone of diversification, the economies will halae same capital-labor
ratios in both sectors. Further, these economies will hagesame factor prices,
as is evident from the following equations (3.11) and (3.i#)ich holds with
equality within the cone of diversification.

This is the essence of factor price equalization effect terirational trade in
goods. It plays a crucial role in creating multiple steadyest and non-convergence
in the environment without uncertainty, the focus of thetrsction. The alloca-
tion of capital and labor between two intermediate sectugiever, does depend
on the domestic capital-labor ratio.

Finally, in any equilibrium the following market clearingmrditions must be

satisfied:

a; = MF(Ku, Lay) (3.17)

my = 0,G(Kpmp, L) (3.18)

Cy+ X, = H(a,m?) (3.19)
C, = oL (3.20)

X, = zL (3.21)
Ky+ K = K (3.22)
Lot + Ly = L (3.23)

The market clearing conditions are standard. Observeritiaeimarket clear-
ing condition for capital, equation (3.22), aggregate =8 determined a period
earlier than when it is allocated between the two interntediactors for produc-

tion, a consequence of the timing assumptions mentioneddef
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3.3 Equilibrium in the Small Economy without Uncertainty

Before we proceed to talk about convergence in a stochastiooeament, let us
first understand why there are multiple steady state eqailimon-convergence
and specialization in the economies without uncertaintypg®se a small econ-
omy faces no uncertainty and has= 1(= \Y"), andf, = 1(= 6;") for all t and
in all states of nature.

Since )\, andf, are fixed, the boundaries of the diversification cang,and
k¢, are constant over time. Further, since the technologyestidal across the
world and the small economies, the boundaries of the diieion cone in the
two economies coincidé:, = kY andk,, = k.

There are two possible scenarios for the small economy, yt stert with a
capital-labor ratio within the diversification cone, or iagnstart with a capital-
labor ratio outside the diversification cone. First suppbsenitial capital in the
small economyk,, is within the diversification cone, i.eky € [k, k,,]. Then,
sincek, = kY, we have

Ty = patf/(kat) = ’I"ZU. (324)

Similarly, w; = w}’.

Thus, there is factor price equalization across the ecoemmrhe fact that
interest rates are equal across countries mean that theodansentive for cross-
economy borrowing and lending, and trade is balanced péxyegeriod in the
equilibrium. Further, identical rates of return in both Bomies mean that the in-
centives to accumulate capital is the same in both econgameéssince the world
economy is in the steady state, the small economy will alsio biee steady state
at the initial capital-labor ratio. Thus, any capital-laiatio within the diversifi-

cation cone can be sustained as a steady state.
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Now consider the case where the small economy starts at takckgtior ratio
that is outside the diversification cone. In particular, sage that the economy
starts with a very low capital-labor ratigéy < k,. In this case, as long a&s_; <

k., itis optimal to produce only the less capital intensivedjaad we will have

re = paf' (k1) > 1 = paf'(ka).

The interest rate in the small economy will be larger thanwbed interest
rate and the small economy will accumulate capital till &elees (asymptotically)
the lower boundary of the diversification cone, i.e., tik thoint wherek;_; = k,.
Once it reaches the boundary, once again there is facta @gealization and the
economy will stop accumulating capital any further. Hertbe, small economy
will be at a steady state at the lower boundary of the diveegifin cone and will
produce only the less capital intensive good. Thus, thetcptinat starts with a
very low level of capital will permanently specialize in piiecing good.

In the case where the economy startskat> k,,, the economy will de-
accumulate capital till it reaches the upper boundary ofdiversification cone
and it will remain there forever producing only good

Hence economies starting at any capital-labor ratio withendiversification
cone will remain at that capital-labor ratio and those stgrfrom outside the
diversification cone will reach steady state at the bouedanf the diversification
cone. This implies that there will be no convergence in agita capital stock or
income levels if various economies start with differentialicapital-labor ratios.

Notice, one crucial difference between a one-sector clesetiomy and an
open economy with two tradeable sectors is that while in theér the interest
rate is a function of the aggregate capital in the economthenopen economy,

within the diversification cone, it is independent of the r@ggite capital. As a
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result, even though there is a unique capital-labor rati@fgiven interest rate in
a closed economy, in the case of an open economy, severalgggicapital-labor
ratios are sustainable for a given interest rate — all thi&rdiis the share of the
two intermediate goods. This is crucial in delivering npiki steady states in a

deterministic dynamic Heckscher-Ohlin model.

3.4 Equilibrium in a stochastic small economy

We now turn our attention to the case when the small econoogsfancertainty,
i.e., when\; andd, are stochastic.

We assume that for all values of= (), #), the corresponding capital-labor
ratiosk,( ;’:j,) andk,, ( ;’;?,) are strictly positive and finite. This assumption is not
crucial for our results, but ensures that at very low valueaggyregate capital-

labor ratiok the small economy will produce only goad while at very large
values of capital, the small economy will produce only geod

Notice that sincep, andp,, are constants and;, and ¢, are i.i.d. and the
variablesp,)\;, sop,,0; are also i.i.d. Define the per capita income of the small
economy ag; = w;+rik;—1+ (1 —9)k,_;. Itis a function of the small economy’s
capital-labor ratidt;_; and productivity shocks = (X, 0): v, = y(ki—1, 2;). Now

the representative household’s problem can be restated as:

maxe, k, £ Y roq B u(cr) (3.25)
st. o+ k <ylkio1, z)
y(ko, 21) Is given
where the expectation is defined over the Borel sigma-adgebipartial shock

19



historiesz! = (zg, 21, ...2;) € Z'. This set up of the household’s problem makes it
clear that from the household’s perspective the problerassrtially the same as
that faced by an agent in an one-sector stochastic growttehaotth i.i.d. shocks.
Given this setup, the optimal consumption and investmelitypfunctions in any
periodt will be functions of current incomeg; only. For our main result on con-
vergence we need to establish the continuity and monotgrpooperties of our
policy functions. To do that we first need to understand thdinaity and mono-

tonicity properties of the income function, which is acl@dun the next lemma.

Lemma 1. Properties of the income function of the small economy, °

e y IS continuous irk, A\, andd. It is strictly increasing ink, nondecreasing

in A andd, and strictly increasing in eithek, or 6, or both.

e For everyz € Z the functiony(-, z) : Ry — R, is concave, and continu-
ously differentiable. For every > 0 the derivative% is continuous in
A, andé.

e There exists the maximum sustainable level of capifaich thaty(k, z) <

kforall k > kandforallz € Z.

Let X = [0,k|. Define the value function(k,, z) as the maximum lifetime
expected utility attained in the program (3.25). It is a d&nd result that the value

function is unique, bounded, strictly concave, contindpdsgferentiable ink (for

5The income function is a smooth envelope of the two interatedproduction functions. So
it is easy to show that it satisfies all the properties listethis Lemma. The proof is included in

an earlier version of the paper, available from the authonequest.
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k > 0) and solves the following Bellman equation,

v(k,z) = max [u(y(k‘,z) —K)+8 / v(k:’,z’)n(dz’)} (3.26)

k' €[0,y(k,2)]

Further, for each € Z, v(-, z) : X — R, is strictly increasing and(0, z) =

The investment policy functioh(k, z) is defined so that

v(k,2) = u(y(k,z) — h(k,2)) + ﬁ/v(h(k, 2), 2" )n(dz") (3.27)

In the following proposition we establish existence, couaily and monotonicity
properties of both, the investment policy functibfk, ) and the consumption

policy functionc(k, z).
Proposition 1. Existence, continuity and monotonicity of the policy furions.

e There exist unique consumption and investment policyifumst, = c(k;_1, 2;)
andk, = h(k;_1, z;). They both are continuous with respectto\;, andd,

and measurable with respect to the Borel subsets ef A x ©.

e Functionsc(k;_1, (A, 0¢)) and h(k;_1, (A, 0;)) are strictly increasing in
k:_1, nondecreasing im\; and 6,, and strictly increasing in eithe;, or
6, or both. Also¢(0, z) = 0 andh(0, z) = 0 for all values ofz.

Proof: See Appendixll

Now, to explore the dynamic properties of the investmenicgdlnction we
have to be more specific about its shape. Let us start with fpcaats of the

function. For any realization, definek, to be a fixed point for the investment
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policy functionh(k, z), i.e. k, is such thatt, = h(k,,z). We can also define
the maximum and minimum positive fixed points for any givealigtion > as

follows,
EF® = max{k > 0|h(k, z) = k} (3.28)
Emr = min{k > 0|h(k,2) = k} (3.29)
Let us also define thdest shockz, and theworst shockz, in the sense that
on realization of the shock the most and the least amountooime is achieved
for any given level of capital available, respectively. Metthat since the small
economy’s income is a nondecreasing function of boimdé, these are uniquely
defined:z = (X, 0) andz = (), 6).
In the next proposition we show that for eaghminimum and maximum posi-

tive fixed points are well defined and that the investmentygdiinction possesses

certain stability properties.

Proposition 2. Fixed points and stability properties of the investment oyl

function.
e Forall z € Z, k™ > 0 exists and for alk < k™™, h(k, z) > k.
e Forall z € Z, k™ exists and for alk > k2**, h(k,z) < k.
e The functiom(k, z) has a stable configuration, i.e:}** < k"

Proof: See Appendixll

These stability properties imply that for all positive ialtvalues of capital-

labor ratiok,, the optimal capital-labor ratio sequengle }>°, will be bounded
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away from zero. Thus, without loss of generality, we canrietsthe domain of
possible capital-labor ratios to a compact @gtﬂ , Wwherek > 0. So now let
X = [k, k].

Given that we have assumed the shocks to be i.i.d., the goltion i (&, z)
defines a Markov process on the set of capital-labor rafioket B be the Borel
sigma field generated h¥. For all B C B let P(k;_y, B) = Pr(k; € B) be the
transition probability function of the capital-labor @process in the small econ-
omy. LetP'(B) = Pr(k, € B) be the probability measure for small economy’s
capital-labor ratio in period defined on Borel subsefs of X. It is generated by

the transition probability function as
Pt (B):/ P(k, B)P"(dk)
X

starting from some initial distributio®, defined on(X, B). The invariant distri-

bution overX then, is any probability measuresuch that

u(B) = [ PGk Bylan

The economy is generally assumed to start from a given valubeocapital,
that means”? is a degenerate distribution concentrated on some positile

of capital-labor ratio. Our objective here is to prove thatmatter which pos-
itive value of capital we start from, the limitm,_., P! is the unique invari-
ant distribution. More precisely, lef, be a degenerate distribution concen-
trated onky. Let PY(ky, B) = 0x,, P'(ko, B) = P(ko, B), and P'(ky, B) =

Jx P(k, B)P'"!(ko,dk) forany setB C 5. We need to show théitn, ., P'(ko, B) =
w(B) for all positivek, and any Borel subsé? in 5.
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Theorem 1. Convergence.
There exists the unique invariant probability measuren (X, 13), such that
lim; ., P'(ko, B) = u(B) for all k, > 0. The full support ofu is the unique

non-degenerate compact interval & given by[kl**, k™.

Proof: See Appendixll

The above theorem says that no matter where different sic@ticenies start
from, their long run average per-capita capital stock wdltbe same. Thus, in
the long run, there will be convergence in the per-capitatabgtock and hence,
convergence in the per-capita income levels across cesgntrThis result is in
stark contrast to the result in the deterministic Hecks€bigin model, where
two countries with different initial conditions will end upith different levels
of steady state variables.

One key assumption in our model is the balanced trade condifis already
pointed out, in the non-stochastic case the requirementtthde be balanced
period-by-period does not constrain equilibrium when lib&tradable commodi-
ties are produced in the economy. However, in case with teiogy, there is an
incentive for the small economy to smooth consumption bydyang and lend-
ing from the world economy. Not being able to do that, the $eanomy will
try to self-insure by saving more when income is higher thgmeeted and less
when the income is lower than expected.

An important aspect of the model with uncertainty is that riée of return
within the cone of diversification is determined by the reatiion of the shocks
(see equations (3.11) and (3.13)). As a result the rate wfrréh the small econ-

omy, even within the cone of diversification, is not equal hattin the world

24



economy. Thus, even within the diversification cone, themize to accumulate
or de-accumulate capital in the small economy is differemmfthat of the world
economy. As such the small economy can grow (or have negatbveth) inside
the diversification cone (though the world economy is indyestate). This is an
important distinction between the stochastic and nonkstsiic versions.
Theorem 1 states that support of the invariant distribuisathe unique non-
degenerate interval given B, kmin], The lower boundary of the interv. o
is the maximum fixed point of the policy function for terst possible shocks,
while the upper boundary is the minimum fixed point of the ppfunction for the
bestpossible shocks. As shown in Proposition 2, this intervalos-degenerate,

and since'™* > 0, its lower boundary is strictly positive.
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Figure 1: Invariant set

The fact that the invariant distribution is unique can besilfated using figure 1.
In that figure we have drawn two policy functions, one for th@st shock: and

the other for the best shoek The capital-labor ratio in the shaded region, marked
as the invariant set, is the full support for the invariarstidlbution. Notice, first
that any economy that has capital-labor ratio in that reguihalways remain
there — the worst that can happen is that the economy facesatse shock each
period, then its capital-labor ratio will converge to thevey boundary, whereas it

goes to the upper boundary in the best possible case whemtingrg faces the
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best shock every period. Since, the policy functiat, z), is continuous and
non-decreasing in and the shocks come from a full compact support, every non-
degenerate interval of capital-labor ratios within thegirant set is attainable with
positive probability. Now consider the case when the ihdapital-labor ratio is
below the minimum point of the interv@*, k™]. A sequence of good shocks,
that happens with positive probability, will eventuallyirg it inside the interval.
The case when the capital-labor ratio is above the intesvaymmetric. Thus,
[k, k2] will be the unigue full support for the invariant distriboiti,

This characterization of the support also helps us to deternvhether the
economy will diversify. To do that we need to find out whethwere is any in-
tersection between the support of the invariant set and itresification cone.
Recall thatk,; andk,,; are the capital labor ratios in sectarandm in the small

economy, whenever it produces positive amounts of bothnmadiate goods. It

can be showhthat they are strictly increasing, continuous functiong ef 5:12
So the minimum values df,, k,, are the ones that corresponcd:to= (), #) while

the maximum values df,, k,, correspond ta** = (), 9). ’

Theorem 2. Diversification.
The fixed points of the optimal policy function satigfy* > k,(z*) and ke <

Proof: See Appendixll

The above theorem implies that there is a positive measuresofch that

(k2% k2] 0 [kq(2), km(2)] is @ non-degenerate interval. Which in turn implies,

Please refer to the working paper version of the paper dlaifeom the authors on request.
"Note that given constant pricgs andp,,, there is a unique single valued map frers (), 9)

top = paX This allows us to writé:, andk,, as a function of instead ofp.
Pm 0
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in an infinite horizon setting, that the support of the ingatiset will intersect
with the diversification cone in at least some periods. Thus,small economy
will surely diversify in some periods.

In the special case where both the intermediate sectorfecteal by the same
shock, the boundaries of the diversification cone are fixellcamcide with those

of the world economy. It is then easy to prove the followingulé

Corollary 1. Diversification - special case.
If \s = 0, Vt, then the fixed points of the optimal policy function satigfy <
ko(2) = k¥ and k2 > k,,(2) = k2.

This corollary proves that with economy-wide shocks théremliversification
cone is a proper subset of the invariant set. So, in the mwgdistribution a small
economy may visit the entire diversification cone and alsnesareas outside of
it.

Thus results on diversification also differs from the findimthe non-stochastic
version where a small economy starting from outside thersiifieation cone will

permanently specialize.

4 Simulation of the Small Economy

So far we have shown that with uncertainty and balanced ttsate will be con-
vergence, but our results are silent about the path or tredsgieconvergence. To
find out how fast convergence occurs, we simulate our model.

We first simulate the economy when there is no uncertaintye géth for

the capital is plotted in figure 2. This simulation replicatbe results of the
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Heckscher-Ohlin models without uncertainty — a countryt 8tart with capital-
labor ratio less thawk, grows till it reaches the lower boundary of the diversifi-
cation cone and then its capital-labor ratio is fixed at tbael. The case with
countries that start with a capital-labor ratio greatentha is symmetric.

Next we simulate the small economy with uncertainty. We asthat uncer-
tainty is present only in the production of goadbut there is no uncertainty in
the production of the intermediate gopd® We assume that there are two possi-
ble states, high and low, with equal probabifityWe then simulate our model for
different magnitudes of shocks. We fix the mean of the shatkgctora, \;, to
be 1 and take different symmetric deviations from thdt,being the good shock
and\* being the bad shock. We find that the bigger are the possilolekshn
the small economy, the faster will be the convergence. Thibustrated in the
figures 3 and 4 where we report two cases: (i) deviation fraamtlean is 1%, (ii)
deviation from the mean is 10%.

The finding that the speed of convergence is increasing immi&gnitude of
shocks relates our convergence result with non-conveggenthe deterministic
version. It suggests that for small degrees of uncertaimiijlitake extremely long
for economies to converge. In the limit, when uncertaintglrigen to zero, con-
vergence disappears altogether. Thus, the deterministok$¢her-Ohlin model
is a special case of the stochastic model.

Our simulation is useful in another dimension as well, iba# us to see the
actual shape of the investment policy function. A plot of gadicy function in

figure 5 reveals the effect of uncertainty and market incetepless in our model.

8None of our qualitative results change because of this gssom
9Simulations with continuous state space give similar tesul
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Recall that in the deterministic case the investment pdliogtion coincides with
the 45 degree line everywhere within the diversificationesavery point there
is a fixed point and a steady state. With uncertainty the pdlinction tilts — it
is above the 45 degree line for low values of the capitaldlabbos even for the
worst possible shock. Further, the policy functions fordj@aod bad shocks shift
apart from each other. This is a manifestation of the deditbeorepresentative
agent to self-insure using the only means available to hegdoumulating and
de-accumulating capital. As a result multiple steady state not possible in this
case.

Also notice that in figure 5 that in this particular simulatitihe invariant set
is within the diversification cone. This is due to changeshe tomparative
advantage across sectors induced by sector-specific sh¢hen we simulate
the model with the same productivity shocks in both sectmthat there are no
changes in comparative advantage across sectors, we findavehe invariant
set includes the entire diversification cone (figure 6). Thigm accordance with

the prediction of corollary 1.

5 Analytical examplewith no convergence

To understand the role of country-specific uncertainty imgoction with binding
balanced trade condition this section presents a model iahvdll countries are
affected by same productivity shocks. We show analytidhlf in this particular
example countries do not converge and may permanentlyadjzecin producing
only one tradable good.

In this example we assume a different structure for unaestaiWe assume

30



that both the world and the small economy face identical lshace., \}” = A},
anddy = 6; for all t. Thus, now the relative productivity between theadinand
the world economy does not change.

We use specific functional forms for the utility and the proiilon functions.
The utility function is logarithmicu(c) = In(c), while all production functions

are Cobb-Douglas. The individual production functionsgiven by,
e Final good technologyH (a, m) = a*m!~*
¢ Intermediate good technology:\F (K, L) = AK*“L'~
e Intermediate gooeh technologydG (K, L) = 0KV L',

wherel > v > a > 0. Further, we assume full depreciation, i€+ 1. Under
these assumptions we can find an analytical solution to thardic problems of
both the world and the small economies. Since, in this examwel provide the
dynamics of both the world and the small economy, we will ageie superscript
w for world ands for small economy to distinguish them.

Given the specific functional forms it is easy to show thatie world econ-

omy the allocation of labor across intermediate sectorgéslfi

w (l_a):u
La = T-apva-va—n (1)

w (1= —p
L = Tapv a0 (5:2)

Further, optimal capital-labor ratios in both intermediaectors of the world

economy are proportional to the aggregate capital laltar:ra
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1

kat La(]_ . Q) + 0 t—1 (5 3)
Q
kpi = ki 4
mit La(l—Q)+Q t—1» (5 )
where() = (11 ag > 1. Denote¢, = m, andg,, = m Thus,

capital-labor ratio in each sector is a constant fractiothefaggregate capital-
labor ratio. Notice that, € (0, 1), while ¢,,, > 1, a consequence of technology
m being more capital intensive than technolagy

The optimal capital-labor ratio in the world economy evslaecording to the

following law of motion:

k= A (k)" (5.5)

where, A; = ng‘e}—“ is the aggregate productivity)(is a positive constant)
andqg = Au + (1 — p). Sinceq < 1 the world capital-labor ratio converges to
a unique invariant distribution. The above law of motion Waorld capital-labor
ratio determines a Markov process for intermediate gootepfi,:, p..:- Notice
that the prices of the intermediate goods are no longer anhatross time.

Now suppose, at the beginning of perigdhe small economy’s capital-labor

ratioisk;_; > 0. Letr, =

kw , be the capital labor ratio in the small economy

relative to that in the world economy. There are three péssifises to consider:

o If 7, < ¢, thenk;_; < kY, = ¢.k;" ;. In this case the small economy will
produce only good in periodt. The optimal level of investment in this case
will be & = afpa (kf_l)a = af7fPa e (ktw_l)a.

o If oo < v < ¢, thenk; , € (k%,kY,) and the small economy will
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produce both goods; andm, in period¢. The optimal level of invest-
ment in this case will bé; = aBr¢ 'pu (k)" or equivalently,
kf = ’YﬁTté;yn_lpmtet (kgu_l)ﬂy .

e Finally, if , > ¢,,, the small economy will produce only goad in period

t, and will investk; = 87, pris (k)" .

This investment rule implies that in the next periadi 1, the capital-labor
ratio in the small economy relative to that in the world eaowawill depend on
whether or not the small economy is inside the diversificattone. Thus, in

periodt + 1 we have,

a

aBripacie (k)" (£>a—1
aﬁ¢gflpat)\t(k’§“,1)a =T $a > Tt

kS
o If 7, < ¢, thenﬁ =

. 5 BredS  pacie (kv )
o it 7 € B 6], then’d = aa;;glpit;tzg;;)l -

; k$ V87 pme0e (k) 71
[ ] |f Tt > Qbm, thenﬁ = *yﬁ(j)ilpmtei(;;)l)v =T < Tt ) < Tt

Thus, whenever the small economy has an aggregate cabtai-tatio out-
side the diversification coné,,, k.|, the optimal investment policy will push it
closer to the diversification cone. If, on the other hand stimall economy starts
within the diversification cone, it will maintain a constaatio between the do-
mestic aggregate capital-labor ratin and the world aggregate capital-labor ratio
k. Thus, if two small economies started within the diversifmatone, but with
different capital-labor ratios relative to that of the wbeconomy, they will main-
tain those relative positions. Hence, there is no convegeéncapital or income.
Also, if any small economy starts with capital labor ratiogside the diversifica-

tion cone, they will always specialize in the production nfyoone commodity.
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Thus we get the same results as in the non-stochastic vesktbe dynamic
Heckscher-Ohlin model: multiplicity of invariant disttbons of capital, no in-
come convergence, and permanent specialization in prioduct

The only difference between this example and the stochastsion consid-
ered earlier is that here both the small and the world ecoesrisice identical
shocks, i.ez}" = z; for all t. As a result of global shocks, there is no difference
in productivity between the small economy and the world ecoy Inside the
diversification cone, the small economy and the world econbbave same return
to capital. There is no incentive for borrowing or lendingvieen the economies
and the trade balance constraint does not bind. Balanced isaan equilibrium
outcome in this case, as in the non-stochastic version.

This shows that the fact that the trade balance constramaisbias countries
realize different productivity shocks, is crucial for ownvergence and diversifi-
cation results. Itis not just uncertainty that is importaté¢re we have uncertainty
and yet the results are very similar to what we see in detestiirmodels.

On a more technical level, the difference between thiseeetnd the previous
sections is the nature of shocks the small economy facesce $ie world is
now subject to productivity shocks, intermediate goodg®sig, andp,,, follow
a Markov process. As a result, the shocks that the small ecpiface, \;p,; and
0:pm:, are autocorrelated rather than i.i.d. as in the previooimses. So, the
example illustrates the possibility of having multipliciaf invariant distributions

of capital with suitably correlated shocks.
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6 Conclusion

In this paper we build a dynamic Heckscher-Ohlin model witicertainty and
study the equilibrium properties of that model. We show tihaan uncertain
world, when markets are not complete, different economitéfiave the same av-
erage long-run income irrespective of where they start frohis reverses the pre-
dictions of the deterministic dynamic Heckscher-Ohlin mlodrhus, our results
extend the predictions of income convergence, standardensector neoclassi-
cal growth models, to a multi-sector open economy in the dyoadleckscher-
Ohlin environment.

The results of our model differ from the deterministic dynafdeckscher-
Ohlin model on another aspect. We find that there will celydde some periods
in which a small open economy diversifies, even if it starthivery low capital
stock. In fact a small economy with two tradeable sectorsvislthe entire cone
of diversification (and some outside the cone) in the spaziaé when it faces
identical shocks in both sectors. This is in contrast to teemninistic version,
where countries may permanently specialize in producingbset of tradable
goods.

The paper also highlights the role of the period-by-perradé balance con-
straint, a standard feature of deterministic models, in dehwith country specific
shocks. In this case the constraint binds and is crucial iaioing our results. In
an example which we have solved analytically, we find thahwgibbal shocks
affecting all countries, the constraint does not bind, aedhw longer get income
convergence.

The results of the deterministic version and the stochastision may seem

to be two different extremes, but our simulation resultegisense of continuity
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between the two cases. The simulations show that the snth#eshocks, the
slower is the convergence and in the limit when there is n@damty there is no
convergence. Thus, this paper suggests that the path dbgevent will depend
on the nature and extent of uncertainty, though eventualiyties will converge

in terms of income levels.
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Appendix

A Proof of Proposition 1

The assumptions on the utility functiar{c) place this problem into the domain
of “Bounded Return Problems”, as defined in section 9.2 ok&tolLucas and
Prescott (1989). It is straightforward to verify that thessumptions 9.4-9.12 are
satisfied by our model. The results of the first part then vollmm theorems 9.6,
9.7, 9.8 and 9.10 in Stokey, Lucas and Prescott (1989).

c(0,z) = 0 andh(0,z) = 0 is obvious. It is easy to show that both policy
functions are strictly increasing, continuous functioigyd® Therefore, these

policy functions inherit all the continuity and monotortycproperty ofy.

B Proof of Proposition 2

The proof of the main theorem in Chatterjee and Shukayev4AR&#én be applied
to show that the minimum positive fixed point for the worstgibke shockk™
(wherez = (), 0)) is well defined and stable. Once this is established, the first
two results of the proposition follow trivially from monat@ity and boundedness
of the investment policy function.

To prove the last result we will show that < k; for any fixed points of
h(k, z) andh(k,z) correspondingly. To show that we will first prove the followi
two claims:

Claim 1: For any fixed poinkz of h(k,z) we havel > 3 [, y/(kz, z)n(dz).

OFor example, see proofs of lemmas 1.1 and 1.2 in Brock and Mir(h972).
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Proof: From the Euler equation we have,

) =5 / W (clks, 2))y (ke 2)n(d2)

Sinceu/(c(kz, z)) > u/(c(k=, Z)), with strict inequality for some € Z,

d(ckez) > Bulle(hs?)) / (ke 2)n(d2)

1 > B/Zy/(k:g,z)n(dz).

Claim 2: For any fixed poink, of h(k, z) we havel < § [, y/(k., z)n(dz).

Proof: From the Euler equation we have,

c(ks, 2)) ﬁ/ c(ky, 2))y (ks 2)n(dz)

Sincev/(c(k,, z)) < u/(c(k,, z)), with strict inequality for some € Z,

Weky,2) < Bul(clhz) / o (ks 2)n(d2)

1< 5 / ' (k. 2)(d2)

The above two claims, along with the fact thétk, =) is decreasing ik for

every value of, establish:, < k.

C Proof of Theorem 1

We show that the three assumptions of the Theorem 2 of Hoperamal Prescott (1992)

are satisfied:

e the domain sek contains its lower and upper bounds.

Since,X = [k, k| is a compact set it satisfies this assumption.
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¢ the transition probability is increasing in the sense of first-order stochastic

dominance.

Sinceh(k, z) is increasing irk for everyz, P(k, B) is indeed increasing.

e Monotone Mixing Condition: there exist somtlee X and an integef/
such thatP™ (%, [k, k]) > 0, and PM (k, [k, k]) > 0.

For brevity let us defing’ = 2.

Consider the following sek = {k € X| 3 [, y'(k, z)n(dz) = 1}. Continuity
and monotonicity of/(-, z) for everyz guarantee thak’ is nonempty, although
in general it may contain more than one point. lebe any point ink. Let
the sequencégk, }>°, be generated ak, = h(k,_ 1,z) with k, = k. By the
monotonicity of optimal policy rule{k, } is decreasing and we know from the
proposition 2 thak,, — kI***. For anye > 0, the rectanglé(), 0), (A +¢,0 + ¢)]
has a positive measure undgiThis together with continuity of(k, -) imply that
the probability of entering into any neighborhoodigf* in finite number of steps

IS positive.

From the Claim 2 in the proof of the proposition 2 we have 3 [, v/ (k1™ z)n(dz).

Hencek'™ < k. Exactly symmetric line of argument establishes thiat > k
and that there is a positive probability the sequeficg > , started fromk, = &
enters any neighborhood @f"" in a finite number of steps. The above re-
sults prove that there exist some integersuch thatP™ (%, [k, k]) > 0, and
PM(k, [k, k]) > 0.

Thus, all three assumptions of Theorem 2 in Hopenhayn arst&teg(1992)
are satisfied, which establishes the desired convergesak.re

The full support for this invariant distribution i&**, k2*"]. To see it ob-

serve that the sequenéé,, }>° , generated as,, = h(k,_1, z) started from any
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ko > kI'™, enters with positive probability any neighborhood /gf**. Simi-
larly, {k,}°°, generated a&, = h(k,_i,2) started from any,, < k2" enters
with positive probability any neighborhood &f*. It is also clear that once in
[k, k2] the Markov proces$” (ko, -) cannot leave this set. Thug™, and
k2 must be the boundaries of the ergodic set. To show that théevifurval
[k, k0] is an ergodic set choose any open intefval k%) € [k, k2] of a
certain lengthl > 0, and any point, € [k'™, kmin]. Without loss of generality
assumek, < k'. Observe that for any € (k> k™) the imageh(k, Z) is a
non-degenerate intervgl(k, z), h(k, z)] such thak belongs to the interior of this
interval. Then we can construct an increasing sequépee h(k,_1, z,—1) such
that0 < £ < |k, — kn_1| < € < . Clearly, this sequence will enték’, £?) in
finite number of steps, say iN steps. By continuity oh(-, -) this sequence can
be constructed with a positive measure of shock histartes- (2, 21, ..., zy) €
Z x Z x ... x Z (N times) Obviously, fork, > k* we can construct a decreas-
ing sequence. So we proved that’ (kq, (k!, k?)) > 0 for some finiteN. This

establishes irreducibility, and hence ergodicity/gf®, k™.

D Proof of Theorem 2

We will prove the following two claims, which together withd claims 1 and 2
in the proof of the proposition 2 establish?™ > k,(z*) and kP < k,,(2**).
Claim 3: If k < k,(2*) thenl < 3 [, v/ (k, z)n(dz).
Proof: Forallz € Z we havek < k,(z*) < k.(z) andk < k,(z*) < kY.
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Hence,

ﬁéy%xmwa:=ﬁ/ﬁ% B) 1 6)n(d2)
- (W) +1-0] > Blpaf (k) +1— 8] =1

Claim4: If k > k,,(2*) thenl > 3 [, v/(k, z)n(dz).
Proof: For allz € Z we havek > k,,(z**) > k,,(z) andk > k(™) > kY.

Hence,

8 [ w2z = 6 [ b)) +1 - 8l
= Blpmg (k) +1—-0] < Bpmg (k) +1 -6 =1

Now, claim 2 of the proposition 2 and claim 4 here establist < k,,(z*),

while claim 1 of the proposition 2 and claim 3 here pré&® > k,(z*).

E Proof of Corollary 1

We will prove that for allk € [k?, k2] the following mustbe true: 3 [, i/ (k, z)n(dz) =
1. Once that is established the results of the propositidavidirom claims 1 and
2 in the proof of the proposition 2.

Fixanyk € [kY, k*]. Then we have,

a’’’m

ﬁéywamw>= g/pa FE) +1 - 6)5(d2)
= (kY +1—=6]=1.
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